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Abstract

Research on cooperative control of multi-agent systems has drawn increased
attention from control engineers in recent decades. Inspired by natural phe-
nomena, this research has been developed to become more practical and
reliable in implementation. Consensus is one of the most active and very
crucial research topics in cooperative control of multi-agent systems. One
of the unavoidable problems in developing consensus control for multi-agent
systems is the presence of uncertainties in the dynamic models. Adaptive
control is a research line applied to solve consensus problems for multi-agent
systems subject to uncertainties. In this thesis, we establish a distributed
adaptive consensus framework for multi-agent systems with uncertain dy-

namics.

There are two main problems in designing distributed adaptive consensus
control for general multi-agent systems. First, the adaptive law cannot al-
ways be implemented in a distributed fashion because it depends on the
gradient of a (centrally constructed) Lyapunov function. Consequently, dis-
tributed adaptive consensus can only be applied for limited cases. In this
thesis, we establish a distributed adaptive consensus framework to over-
come this problem by proposing a novel distributed adaptive scheme that
does not rely on the gradient of a Lyapunov function. An application of
our framework is presented to solve the consensus problem in second-order

multi-agent systems under a directed topology.

The second problem is the presence of nonlinearly parameterized dynamics
in multi-agent systems. It is always difficult to handle nonlinearly parame-
terized uncertainties in adaptive control. Some results have been obtained

for special cases. In addition, none of the existing results are applicable to



networked systems with nonlinearly parameterized dynamics. In this the-
sis, we develop a distributed adaptive framework for multi-agent systems
subject to nonlinearly parameterized uncertainties. The linear parameter-
ization assumption is removed by proposing a novel distributed adaptive
update law. Therefore, our scheme is more applicable to general nonlinear
multi-agent systems. A specific implementation of our framework is pre-
sented for nonlinear second-order multi-agent systems. To illustrate our
approaches, we present some numerical examples and simulations with var-

ious settings.



Introduction

This thesis studies the distributed adaptive consensus framework for multi-agent sys-
tems (MASs) that can be implemented in many applications such as consensus of Un-
manned Aerial Vehicles (UAVs), consensus of mobile robots, synchronization of load
balancing and so on. The objective of our study is to establish some general frame-
works to maintain the cooperative motion of individual agents in MASs, where the
control protocol can be applied to both linear MASs and nonlinear MASs subject to
uncertainties.

In this chapter, we present an introduction to MASs, cooperative control of MASs
and adaptive control in the first section. Subsequently, we present the literature review
of MASs with linear and nonlinear dynamics. Then we explain the main research
outcomes of this thesis and its contributions by comparing our work with existing

research. The outline and organization of the thesis are presented in the last section.

1.1 Background and Motivation

1.1.1 Multi-Agent Systems

The collective movement of animals in a social group is an important natural phe-
nomenon. Individually, each animal has its own pattern and motion. Nevertheless, the
collective motion depicts the group as one entity with some desirable global or collec-
tive responses to external influences. The aggregate dynamics aim towards achieving

objectives such as migration, foraging and protecting the group from predators. The
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synchronized movement and responsive movement bring about a choreographic move-
ment as in a dance, yet this displayed pattern is not of a planned script, but the result

of instantaneous responses and decisions by individual members.

Figure 1.1: A group of birds flying in V-formation [1]

Figure 1.2: A school of fish [2]

A group of animals moving together allow the group to achieve what the individual
is unable to do. For example, a group of birds can migrate to a distant site by flying
in V-formation as illustrated in Fig. In this situation, the energy required by an
individual bird to fly can be reduced by remaining in the wingtip vortex up-wash of
those ahead. Therefore, the weak and young birds can also survive the migration.
Another example is a school of fish as illustrated in Fig. The predators have more

difficulties to catch an individual fish moving in a social group because a group of fish
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Figure 1.3: A herd of horses [3]

can scatter and cluster quickly. To elude predators, a herd of horses (Fig. move
together in an organized way to a distant site foraging for food. This type of behaviour
can also be seen in a group of humans in a panic and mob scenario, where there is
tremendous pressure to align with the group’s collective leader, rather than following
individual dispositions.

The flow of information has a crucial role in the movement of a group of animals,
but each individual is aware only of its neighbour’s motions. The information obtained
by the individual animals affect their own movements, which influences the movement
of the group overall. Different information flows and different species generate differ-
ent types of motions. For example, the formation flight of birds illustrated in Fig.
indicates that an individual bird is only concerned about the movement of a few neigh-
bours beside it, however, the information flow allows all the birds fly in a particular
formation. In another example, such as flocking of horses, besides the motion of a few
neighbours, the vibration of the earth may influence the motion of individual horses
that may not be even close by.

Illustrating the collective behaviour of animal groups using a computer simulation
has been a challenge for researchers in recent decades. It is impossible to script the
movement of each individual in a planned trajectory. On the other hand, analyzing a
group hinged on social behaviour is actually complex, yet, the individual in a collective
movement seems to follow simple rules that make their movement efficiently respon-

sive and practically instantaneous. The collective movement of animal groups can be
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simulated in a computer by bequeathing each individual with the same set of rules,
which allows it to respond to the situation encountered. The collective movement of
the group is the accumulated responses of the individual animals.

The collective motion of animals has drawn increased attention to the study of
animal behaviour in nature. The aggregate motion of flock birds was simulated using
computer animation in [4]. In this animation, a distributed behaviour of each bird
was analyzed, where each flying bird worked independently to keep together and avoid
collisions with its neighbour and with any object in their environment. Inspired by
biological interaction, self-ordered motion was studied in [5] by investigating phase
transition in a system of self-driven particles. Some observations and results of the
animal behaviour with the essential aspects of collective motion can be found in [6, [7].

This natural phenomenon and some preliminary results presented by researchers in
distributed computing and collective biological motion have inspired the control engi-
neers and theoreticians to develop control protocols for MASs. A MAS is comprised
of multiple interacting intelligent agents in a networked environment. Each agent has
characteristics like interactivity and autonomy. The connected agents have the capa-
bility to respond to the environment based on the information received from a network.
An individual agent is represented by some physical entity such as a satellite, a robot
manipulator, an unmanned aerial vehicle (UAV), and various other types of robots.

MAS is a broad field of research and relates to knowledge in mathematics, biology,
physics, robotics, control automation and so on. In control automation research, MASs
are used in many applications such as cooperative control of unmanned aerial vehicles
(UAVs) [8] 19} 10} [11) 12} 13} [14], cooperative control of mobile robots [15] 16} [17) [18]

191 120} 211 122], rendezvous and proximity operations of satellites [23] and so on.

1.1.2 Cooperative Control of M ASs

Research problems in cooperative control of MASs have been widely studied in various
aspects such as flocking, synchronization/consensus, formation control, obstacle avoid-
ance, swarming and so on. The main objective of cooperative control is that the state
of every agent is required to reach a particular agreement on some physical quantities
of interest such as position, velocity, temperature, voltage, force, attitude and so on.
Flocking control is one of the research problems in control automation studying a

collective behaviour of a group of agents in a particular connected environment. The
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mechanism in flocking is repulsive and attractive control actions. This mechanism was
described in [4] [24] as the three basic rules in flocking:(1) Flock centring, where each
agent keeps close to their nearby mates, (2) Alignment, where each agent adjusts to
match their velocity to their nearby mates, (3) Avoiding collision, where each agent
avoids collisions with the nearby mates. Some results in flocking control of MASs with
different settings can be found in [22] 241 [25] [26] [27] [28].

Consensus is another fundamental research problem in cooperative control of MASs.
The main goal in consensus is to achieve an agreement in a particular physical quan-
tity. The dynamic behaviour of each agent in consensus is represented by their state.
That is, consensus requires that the state of every agent reaches an agreement in some
particular sense. A control protocol is designed based on local information and in-
formation exchange between neighbouring agents. There are two general scenarios in
consensus: leader-following and leaderless. In the leader-following setting, the followers
are required to follow one or more leaders.

One of the applications of consensus is formation control. In formation control, ev-
ery agent is required to follow a desired configuration or formation. Generally speaking,
the displacement and distance-based measurements are commonly used for consensus-
based formation control. There are two common approaches for consensus of MASs.
The first is a centralized control approach, where control protocols for every agent are
designed by a central station based on the information of all the agents. The second
approach is distributed control. In this approach, every agent is governed by some
distributed control protocol using local information. The local control is generated for
each agent based on the relative measurements with its neighbours in the network.
Compared with the centralized control, the distributed control has several advantages
as it is more efficient, more flexible and cheaper to be applied. In this thesis, our fo-
cus is to study consensus protocols of MASs that can be implemented in a distributed

fashion.

1.1.3 Adaptive Control

One of the main issues in control automation is the presence of uncertainties in the
system dynamics due to various disturbances such as structural damage, the change of

dynamics and the change of environment in time. As a result, the system model may
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have uncertain dynamics, unknown and time-varying parameters that can degrade the
control performance.

The aforementioned situations are challenging for control design. A fixed gain
feedback control has some degree of robustness to handle uncertainties in the system
dynamics. The bounds of uncertainties are required to be known as prior information
in control design. The control gain is fixed and tuned to the worst case rather than to
actual physical systems. The stability is guaranteed if the uncertainties are within the
bounds.

Another approach to handling uncertainties is adaptive control. It is a control
strategy that has the ability to adjust itself to handle the changing environment un-
der unforeseen and adverse conditions. In this approach, prior information about the
bounds of uncertainties is not required. Also, the controllers are not required to be
adjusted for the worst case. The basic idea of adaptive control is parameter estimation,
which is generated by adaptation laws. The estimation parameters become inputs for
the controller to improve it. A proper adaptation law is required to be designed to
learn the changing parameters by processing the output of the systems. Therefore,
new parameter estimation and a new control gain can be used to achieve the desired

performance.

1.2 Literature Review

1.2.1 Consensus of Linear M ASs

Control of MASs is motivated by collective phenomena in natural systems and extensive
engineering applications, including multiple UAVs and mobile robots, distributed sensor
networks, load balancing and so on. Consensus is one of the most active research topics
in MASs from the systems and control perspective and it has achieved rapid progress
in recent years [29]. The goal is to design collective algorithms for a group of agents
such that they achieve certain agreement.

Consensus control has been intensively developed from MASs with linear to nonlin-
ear dynamics, from homogeneous to heterogeneous systems, from ideal communication
network to communication constraints, from a leader-following case to a leaderless case,
from theory to practice and so on. Nevertheless, there are still many open problems

that need more attention by control engineers.
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From the viewpoint of the system structure, MASs can be classified into linear and
nonlinear systems. At the beginning of the research, consensus control was studied
for linear MASs. Many control strategies with interesting results have been developed

under this setting. MAS with linear dynamics is commonly represented by

x,(t) = All‘l—i-BluZ
yz(t) = C’ixi(t), 1= 1, e, M, (11)

where z; € R is the state, u; € R™ is the control input and y; € RY is the output of
agent ¢ with constant matrices A;, B; and C;.

Early research works were mostly for MASs consisting of first-order or single inte-
grator dynamics [30, [31], 32]. The general solution for consensus in these MASs was
presented in [30]. The introduction to linear first-order MASs and sufficient conditions
to achieve consensus were provided in [33 [34].

The dynamics of linear first-order MASs with n agents is commonly given by
.Z‘Z(t) = uz(t) (1.2)

Consensus is reached when the states of all agents converge to a common constant

value. For the leaderless case, consensus is usually said to be achieved if

lim x;(t) — z;(t) = 0. (1.3)

t—o00

The common control protocol for MASs ([1.2]) to achieve consensus (|1.3) for the
leaderless case [30 [31] 133, 34 135] [36] is

wi =Y ag(t)(x;(t) — (1)), (1.4)
j=1

where a;;(t) is the edge from agent j to . The control protocol can be applied to
achieve consensus under some constraints on the network.

In many practical applications such as vehicles, the dynamics of each agent contains
position and velocity as the state. This means that the system dynamics is in the form
of second-order or double integrator. Corresponding to general dynamics , the

dynamics of linear second-order MASs is commonly represented when A; = [ 8 (1) ],
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'tli(t) - in(t)
ba(t) = wilt), (15)

where the states x1, and x9, represent the position and velocity of the system respec-
tively and wu; is the control input of agent 3.

Compared with first-order linear MASs, the second-order systems are more compli-
cated for consensus control. The stability analysis in first-order MASs cannot be simply
extended to second-order systems. One of the common solutions for the leaderless case

with a strongly connected network topology is

wi (8) =k | > aij(#) (@, (8) — w1, (8) + k2 > aij(t) (we; () — 2,(t)) (1.6)
=1 i=1

for some k1 and ks. Some control protocols have been developed to find the sufficient
condition for the gain k; and kg [33| [34. [36].

Many results were obtained for linear MASs with second-order dynamics under
different settings [32] 33] [34], 136, 37, 138, [39, 40]. An introduction and convergence
analysis for general linear MASs including first and second-order MASs was presented
in [33,134,[36]. A leader-following consensus control for linear second-order MASs under
a time-varying topology was studied in [37]. Consensus control was developed in [32]
for second-order linear MASs with some restrictions in communication. In [36] 138],
the consensus protocol and its conditions were studied under a fixed and switching
topology. Consensus of MASs with double-integrator dynamics was developed in [39]
without relative velocity measurements. Some necessary and sufficient conditions for
consensus of second-order MASs with linear dynamics was investigated in [40].

Leaderless and leader-following consensus for first and second-order MAS with input
delay were proposed in |41] for directed graphs based on Lyapunov and Nyquist stability
approaches. In [42], consensus of second-order MASs with linear dynamics and time-
delay was improved using a weighted average prediction. Another consensus for second-
order MASs with time-delay can be found in [43]. In |44l 45], the control protocol was
proposed for consensus of second-order linear MASs with communication delay and
switching topology. LMI was studied in |46] for leaderless consensus of a class of

second-order linear MASs.
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Consensus of linear MASs with higher-order dynamics is another challenging prob-
lem. The stability analysis in first and second-order MASs cannot be simply extended
to higher-order systems. Some interesting results have been obtained, for example in
147,148, [49]. The consensus control for higher-order MASs with identical multiple-input
and multiple-output (MIMO) linear dynamics was developed in [47] using output feed-
back controllers. In [48], consensus control for higher-order linear MASs was studied
under fixed and switching topologies. A consensus protocol for higher-order MASs with
linear dynamics was proposed in [49] under switching topology and occasionally missing
control inputs.

Research interest in linear MASs also shifts from homogeneous to heterogeneous
MASs. Corresponding to systems , MASs can be said to be homogeneous or
identical when A; = A, B; = B and C; = C for all i. Some results on MASs with
homogeneous dynamics can be found in [49l |50, 51]. Leaderless consensus of MASs
with heterogeneous dynamics is more complicated. In [52] [53], a control protocol for
linear heterogeneous MASs was developed by synchronizing the output of every agent to
a local reference model. A dynamic controller was proposed in [54] for output consensus
of heterogeneous MASs with uncertainties.

Another major research line on consensus of linear MASs is optimal control. Some
interesting results on optimal consensus have been released under various settings.
Stochastic linear quadratic regulators (LQRs) were proposed in [55| [56] [57] with indef-
inite control weight cost for optimal consensus of MASs. An optimal leader-following
consensus for linear MASs with identical dynamics under a fixed network was proposed
in [58] using LQR, observer design and output feedback control. LQR was also pro-
posed in [59] for coupled stabilizable MASs in homogeneous dynamics under a fixed
directed topology. Sub-optimal hierarchical feedback control for leader-following con-
sensus for linear homogeneous MASs is studied using LQR in [60]. Necessary and
sufficient conditions for globally optimal consensus of homogeneous linear MASs was
studied in [61]. In [62], iterative adaptive dynamic programming was developed for
optimal leader-following consensus of nonidentical linear MASs. An optimal leaderless
consensus of identical linear MASs under a fixed directed network can be found in [63].
Valuable information about Lyapunov, adaptive and optimal cooperative control design

under directed communication graphs can also be found in [64].
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1.2.2 Consensus of M ASs with Nonlinear Dynamics

MASs with linear identical dynamics is only a special case. The system dynamics of
MASSs can be nonlinear in many practical cases. Therefore, the aforementioned control
strategies for consensus of linear MASs as described in Subsection [1.2.1] cannot be
applied anymore. The convergence analysis of consensus under this situation becomes
more complicated. Although not as much research has been done on MASs with linear
dynamics, some interesting results have been obtained for consensus of nonlinear MASs.

At the beginning of the research, the consensus controllers were designed for MASs
with simple nonlinear dynamics, which satisfy Lipschitz conditions. In several cases,
linear control protocols are still able to guarantee consensus of nonlinear MASs sat-
isfying Lipschitz conditions. Examples include [40] for first-order MASs, [65] [66] for
second-order MASs and [67] for more general MASs. Consensus control was studied
in [68] for leaderless MASs with Lipschitz nonlinear dynamics under a switching topol-
ogy. An adaptive control protocol was designed in [67] without global information for
MASs with general linear and Lipschitz nonlinear dynamics. Some interesting results
on consensus of MASs with non-Lipschitz nonlinear dynamics can also be found in
169L [70 [71), [72] [73), 74} [75] under various settings.

In many practical situations, the agent dynamics are usually subject to uncertainties
that also induce heterogeneity. To handle system uncertainties, an internal model based
approach has been proven to be effective. For example, linear internal model based
consensus techniques can found in [53] 154} 76| [77] in different settings. The basic idea
is to introduce a reference trajectory for each agent and collectively synchronize these
references and hence agent outputs.

While certain nonlinearities of agent dynamics may be handled by feedforward com-
pensation, see, e.g., [78], uncertain nonlinearities likely bring more technical challenges.
Most existing results are based on internal model design. For instance, in [79], the au-
thors designed controllers for MASs of second-order nonlinear dynamics with agreement
on a constant. More general nonlinear dynamics were studied in [80} I81] that require
that all agents exchange full state information. The most sophisticated result was
given in [82] in the output communication setting using a small gain theorem. Other

relevant internal model designs can be found for cooperative output regulation in a

10
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leader-following setting; see, e.g. [83) [84]. Robust consensus protocol of second-order
nonlinear heterogeneous MAS with communication delay can be found in |85 [86].

Another research line is to deal with system uncertainties, in particular, unknown
parameters, using adaptive control. As with traditional adaptive control, the certainty
equivalence principle has a two-step design scheme. First, a controller is developed for
the systems with an ideal situation, where the uncertain parameter is assumed to be
known and it renders a Lyapunov function. Then in the second step, the uncertain
parameters in the controller are replaced by their estimates, which are updated by an
adaptive law along the gradient of a suitable Lyapunov function.

In the literature, such an adaptive control scheme has been investigated for MASs
in some situations. For example, a first-order MAS was studied in [87] for an undirected
graph. The result was presented in a more general framework in [88]. A similar adaptive
technique was used in [89] for both first and second-order MASs with a Nussbaum gain
added to deal with unknown control directions. Pinning consensus was proposed by
adaptively tuning the coupling strength in [90]. Another result on pinning consensus
control can be found in [91]. The adaptive consensus was studied in [92] for undirected
graph. Also, for undirected time-varying graphs under the jointly connected condition,
an adaptive scheme was studied for first-order MASs in [93] and [94] for the leader-
following and leaderless settings, respectively. In particular, in [93] each agent requires
“not only the information of its neighbours but also the information of its neighbours’
neighbours” and then in [94] the approach was improved to a purely distributed design.

Consensus control for MAS becomes significantly complicated under a directed
topology due to the associated asymmetric Laplacian matrix. Some interesting re-
sults on leader-following consensus of MASs with the unknown nonlinearities under a
fixed directed network can be found for first-order in [95], second-order [96] and higher-
order [97]. The nonlinear dynamics with the unknown nonlinearities in [95} (96| [97] were
approximated by neural network (NN). It is noted that consensus of MASs is achieved
with a residual error, not asymptotically exact.

Adaptive control is a common approach used to estimate the unknown constant pa-
rameters in the system dynamics. Many existing methods have studied the effectiveness
of adaptive control to guarantee the stability for a single agent or system. However,
most of the existing results are under an essential assumption that the nonlinear dynam-

ics is in the class of linearly parameterized nonlinear systems. The nonlinear dynamics
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1. INTRODUCTION

is called linearly parameterized if the unknown constant parameters appear linearly in
the nonlinear function. For instance, the model reference adaptive control (MRAC)
method was proposed in [98, (99, [100] to handle systems with linearly parameterized
nonlinear dynamics. In [101, 102} [103} [104] [105] [106], L; adaptive control, which is
an extension of MRAC, was developed for systems with uncertain nonlinear dynamics,
but still in the class of linearly parameterized nonlinear models.

Adaptive control under linearly parameterized assumption is unable to be widely
applied for prevalent applications in many nonlinearly parameterized dynamics models.
The system is called a nonlinearly parameterized model when the unknown constant
parameters appear nonlinearly in the nonlinear dynamics. The system dynamics with
the nonlinearly parameterized model are inevitable in industrial applications, for ex-
ample, fermentation processes [107], distillation columns, chemical reactors, separation
processes and bioreactors [108].

Nonlinearly parameterized uncertainties are always a difficult issue to handle in
adaptive control even for the single system scenario. Results on adaptive techniques to
handle nonlinearly parameterized models are still rare in the existing literature. Some
results were obtained, but not for a general nonlinear setting. The research based
on convex/concave nonlinear functions is a major research line for adaptive control of
nonlinearly parameterized models. Direct adaptive control has been investigated for
systems with convexly parameterized models. It is shown in [109] that the gradient
search goes to the right direction in a certain area in the state space by using the
convexity condition. Non-convexly parameterized systems have been studied in [110] by
using a min-max algorithm. Other results on nonconvexly parameterized systems can
be found in [111}[112]. In [113], adaptive control for nonlinearly parameterized systems
was studied by exploiting the monotonicity property of certain nonlinear functions.
Direct and indirect adaptive algorithms were proposed in [114} [115] by identifying the
monotonicity property. This method is called immersion and invariance (I&I) adaptive
control. Another interesting result can be seen in [116], where an adaptive control
strategy is studied based on a forward/backward update law.

The class of systems with fractional parameterization has been considered in another
research line for adaptive control of nonlinearly parameterized models. In this case, the
unknown constant parameters appear affinely in both numerator and denumerator.

Some results have been reported for several cases. For example, an adaptive control
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1.2 Literature Review

method was proposed in [117] for fractional parameterization where uncertainties are
bounded by a function with fractional parameterization. The adaptive repetitive control
was developed in [118] for systems with unknown constant parameters and unknown
constant time functions. Another adaptive control method for a class of strict-feedback
nonlinearly parameterized systems was studied in [119] by introducing a biasing vector
function into the parameter estimate.

Intelligent computation is another technique that can be applied to handle nonlin-
early parameterized systems. For example, fuzzy approximators in [120] and neural
networks (NN) in [121] were proposed to handle the systems with nonlinearly param-
eterized nonlinear dynamics. However, the intelligent system techniques like NN and
fuzzy logic only approximate the nonlinear function. In adaptive computation, com-
plex uncertain nonlinearities including linearly and nonlinearly parameterized nonlinear
models are simplified using the theorem of universal approximation.

The adaptive control method was also studied for consensus of nonlinear MASs sub-
ject to uncertainties. However, there are no results available for MASs with nonlinearly
parameterized dynamics. Some results have been obtained for linearly parameterized
MASs. For example, consensus control for linearly parameterized MASs with an undi-
rected graph can be found in [87] for first-order system and more general framework
in [88]. A centralized adaptive consensus scheme for first-order MASs with linearly
parameterized nonlinearities was developed for the leader-following case in [93] under
jointly connected topologies. Further extension can be found in [94], where a pure
distributed adaptive consensus was developed for leaderless MASs with linearly param-
eterized systems.

Intelligent computation was also studied to handle uncertainties in the nonlinear
dynamics in MASs, but for the linearly parameterized model. For example, NN was
proposed in [95] for first-order MASs. In [96], NN was also applied to handle linearly
parameterized systems, but for second-order MASs. Further extension for higher-order
MASs with linearly parameterized systems can be found in [97]. Consensus of MASs in
195, 196, [97] is achieved with a residual error. NN approximation of the nonlinear func-
tion means that a residual error exists. The residual error is also caused by distributed

implementation of the adaptation law.
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1.3 Main Work of the Thesis

In this thesis, our focus is on the study of distributed adaptive consensus for nonlin-
ear MASs subject to uncertainties. The main results of this thesis are presented in
Chapters 3] [l and [l Centralized adaptive consensus of heterogeneous nonlinear MASs
with unknown constant parameters is studied in Chapter Based on the results
in Chapter |3] and other existing literature, we develop a distributed adaptive control
scheme for consensus of heterogeneous nonlinear MASs with a linearly and nonlinearly
parameterized model in Chapter [4] and [5] respectively.

In Chapter |3, we start our study on consensus of MASs with unknown constant
parameters in the nonlinear dynamics using the traditional adaptive control method.
The nonlinear function is assumed to be in the class of linearly parameterized nonlinear
models. Each agent needs the information from the neighbours and neighbour’s neigh-
bours to update its controller. The convergence analysis is solved by using Lyapunov
stability analysis and Barbalat’s Lemma.

There are some limitations in the adaptive approach when applied to distributed
consensus control. Based on the existing literature as presented in Subsection [1.2.2]
and results in Chapter |3] we find some technical difficulties in designing a distributed
adaptive control scheme to achieve asymptotic consensus for MASs with uncertain
nonlinearities. From the results in Chapter [3] we find the inherent drawback in an
adaptive law along the gradient of Lyapunov function to solve this open problem due
to the lack of its distributed implementation. The adaptive approach in Chapter [3|can
only be applied in a distributed fashion for limited cases.

In Chapter |4} we propose a novel distributed adaptive scheme, not relying on the
gradient of the Lyapunov function, for general nonlinear MASs with unknown constant
parameters. We introduce an input compensation as a novel idea for asymptotic con-
sensus such that the steady state of the estimation error is not zero but a manifold in
the state space of agent states and estimated parameters. Our approach is not limited
to first-order MASs, but applicable to more general MASs. A distributed adaptive
framework for general linearly parameterized nonlinear MASs is studied in this chap-
ter. Then an application to our approach for second-order nonlinear MASs is presented
as a case study. Information about global networked agents is not required anymore

to generate the controller. Moreover, consensus can be achieved asymptotically. This
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1.4 Thesis Outline

means that the controller is more practical. Therefore, the inherent drawback in an
adaptive law along the gradient of Lyapunov function is removed.

One of the challenges in designing adaptive control is for nonlinearly parameterized
systems. The existing adaptive control methods for linearly parameterized dynamics
cannot be applied anymore. Adaptive control approaches to handle this situation for an
individual setting or single agent are still very rare. Some results have been obtained,
however not for general nonlinear function. Moreover, none of the results have been
successfully applied to MASs.

In Chapter [5| the consensus problem encountered is more complicated. The non-
linear dynamics in the MASs is nonlinearly parameterized. We extend the results in
Chapter 4l A distributed adaptive framework for consensus of nonlinearly parameter-
ized MASSs is studied in this chapter. Then an application to second-order MASs is

proposed as a case study.

1.4 Thesis Outline

In Chapter [I} we introduced the research background and motivation of MASs and
adaptive control. Subsequently, we presented the overview of consensus of MASs with
linear and nonlinear dynamics. Following that, we presented the main work and outline
of the thesis.

In Chapter [2] we will review some algebraic graph theory, including basic knowledge
and the associated matrices. Then we will present some preliminary knowledge about
adaptive control.

In Chapter [3] we will develop consensus control for MASs subject to uncertainties
using traditional adaptive control methods. In the first part, we will propose a central-
ized adaptive consensus framework for MASs with uncertain nonlinearities. Then an
adaptive consensus control for second-order MASs will be presented as a case study.
The convergence of every agent will be analyzed using Lyapunov stability and Bar-
balat’s Lemma. We demonstrate the performance of the proposed controller using a
numerical example.

In Chapter 4, we will develop a distributed consensus scheme for MASs with un-
certainties. This chapter will be the extension of the control protocol in Chapter [3|and

a distributed consensus control law will be designed. Before presenting our approach,
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we will provide problem formulation and the inherent drawback in adaptive consensus
with some motivation examples. After that, we will propose a distributed adaptive
framework for general linearly parameterized nonlinear MASs. Following that, we will
present an application of our approach for second-order nonlinear MASs as a case study.
Lyapunov stability and Barbalat’s Lemma will be used to analyze consensus. To il-
lustrate the effectiveness of our approach, a numerical example will be presented with
various scenarios.

In Chapter |5, we will extend the consensus control method in Chapter 4] to more
general MASs in the form of a nonlinearly parameterized model. After presenting prob-
lem formulation and preliminaries, a distributed adaptive framework will be presented
for consensus of nonlinearly parameterized MASs. Following that, an application to
second-order MASs will be proposed as a case study. Similar to the previous chapter,
we will apply Lyapunov stability and Barbalat’s Lemma to prove consensus. We will
simulate the proposed control in a numerical example to demonstrate the performance
of our approach.

In Chapter [6] we will summarize the whole thesis and give a short discussion for

future research.
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Preliminary Knowledge

2.1 Algebraic Graph Theory

Algebraic graph theory is a very important tool for studying MASs. The communication
link among agents in a particular connected environment can be represented by a
topology or graph. In the existing literature, graph theory has been extensively used
to solve the consensus problem in MASs. In this section, we will present the basic
concepts and some fundamental properties of graphs. More information on the graph

theory for MASs can be found in [33].

2.1.1 Basic Concepts

Consider the network topology represented by a graph § = {V, £} with n nodes (i.e.,
agents). Denote a finite non-empty set of nodes as V = {1,--- ,n}. The set of commu-
nication links or the set of edges is represented by € C V x V. Denote an element of
€ as (i,j), where 4,5 = 1,--- ;n and i # j. An edge from i to j is also represented by
an arrow, where the tail is at node ¢ and the head is at node j. The number of edges
having node i as a head is called the in-degree of ¢, denoted by d;. The number of edges
having node ¢ as a tail is called the out-degree of i. We denote the adjacency matrix
as A = [a;;] and the in-degree matrix as D = diag{d;}.

A graph is said to be a balanced graph if the in-degree and the out-degree are equal
for every node i. Two examples of balanced graph can be seen in Fig. Based on the
interaction among these nodes, graphs can be divided into two categories, which are

directed and undirected. In a directed graph, a parent node i receives the information
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2. PRELIMINARY KNOWLEDGE

from a child node j, but not vice versa. A directed graph can be said to be connected
if there is a directed link from node 7 to j for each pair of nodes ¢ and j. A pair of
nodes ¢ and j are strongly connected if there are two links with opposite directions
between nodes ¢ and j. Therefore, every node pair can obtain information from each
other. A directed graph is said to be a connected graph if there is no isolated node
in a connected topology environment. Contrary to a directed graph, in an undirected
graph, two linked nodes i and j are always able to obtain information from each other,
or we can say that the pairs of nodes are unordered. In an undirected graph, nodes %
and j are said to be connected if there is a link between ¢ and j, otherwise they are
unconnected. An undirected topology is said to be connected if there is a link for each

pair of nodes ¢ and j. An example for undirected and directed graphs can be seen in

Fig. and respectively.

Figure 2.1: Two balanced graphs

One kind of connected directed graph is a (directed) tree, where each node has a
parent, except one node, called the root. A directed graph is said to have a spanning
tree if all of its nodes are in a subgraph which is a tree. A connected directed graph may

have several spanning trees. At least one directed spanning tree exists in a connected

Figure 2.2: An undirected graph Figure 2.3: A directed graph
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directed graph. As an example, a spanning tree of the directed graph in Fig. is
illustrated by bold links in Fig. |2.4

Figure 2.4: A spanning tree

2.1.2 Graph Matrices

A graph has some associated matrices commonly used in MASs. The edges weight

a;j > 0if (j,4) € €, otherwise a;; = 0. The weighted in-degree of node i is given by

n
di = E Qi
i=1

and the weighted out-degree of node i is defined as
n
d? = Z Aji-
j=1

The adjacency matrix A is defined as {a;;} with zero diagonals. The degree matrix
D is a diagonal matrix defined as D = diag{d;}. This matrix is generated from A
and contains information about the number of edges attached to every node. In an
undirected graph, A is symmetric. Therefore, an undirected graph is a balanced graph.

Laplacian matrix plays a very important role in the study of MASs. The Laplacian
matrix L is generated using matrices A and D such that L = D — A = [L;;] € R™*".
In an undirected graph, L is a symmetric matrix. In a connected graph, L is a positive
semi-definite matrix that at least has one zero eigenvalue and the other eigenvalues
have positive real parts. Hence L has rank n — 1. Note that the sum of every row of L

is equal to zero.
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The following is an example to generate A, D and L. Consider a directed graph in

Fig. Let every edge weight be 1. Then A and D are

01 000 10 0 00
10 010 02000
A=]01 01 0|,D={00 2 0 0],
00001 000 10
10 0 00 00001
hence the Laplacian matrix L is

1 -1 0 0 O

-1 2 0 -1 0
L= 0O -1 2 -1 0

o o0 o0 1 -1

-1 0 0 O 1

2.2 Adaptive Control

This section contains a brief introduction to adaptive control. Consider a first-order

system with uncertain nonlinear dynamics
7 =91+ u, (2.1)

where 7 is the state, u is control input and ¥ is an unknown constant parameter.

Noting that if 1 were known for feedback control design, by selecting
u=—kin—Un,

where k1 > 0, then the equilibrium point of system is globally asymptotically
stable.

However, 9 is unknown in many practical situations. There are two common ap-
proaches that propose to handle system dynamics with uncertainties, specially with
unknown constant parameters. The first approach is a fixed gain feedback control.
Under this scheme, a fixed gain feedback control is designed to handle the changing
parameters within the bound of uncertainties. The idea behind a fixed-gain control is
to tune the gain to dominate the uncertain dynamics. For system , the stability is
guaranteed by selecting u = —kn as long as k > |V is satisfied. The weakness of this

approach is that the bound must be known in advance.
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2.2 Adaptive Control

The second approach is adaptive control. This is a systematic control technique
with the capability to adapt itself to handle the changing environment, such as un-
known constant parameters. An adaptive controller can be designed without a priori
information about the bound of uncertainties. In this scheme, the adaptation law will
estimate the unknown parameters in real time, hence the controller is adjustable. Com-
pared with a fixed gain feedback control, adaptive control has an additional block, i.e.,
an adaptation law that allows the controller to update itself. Hence the damping in
the system response can be handled when the changing parameters occur. The idea
behind adaptive control is conceptually simple. The parameter estimate is generated in
the block of adaptation law, then it becomes additional information for the controller
to improve itself as if it were the true parameter. The estimate will be continuously
updated until convergence with the true value of the unknown parameters. The concept
of this scheme is called the certainty equivalence principle. More detailed information
about the adaptive approach can be found in [100} [122].

Now, we design an adaptive controller for the system . We select the corre-

sponding certainty-equivalent controller
U= —K1n — Iﬁ:g’l§?7,

where k1, k9 > 0 and 9 is the estimate of ¥ generated by adaptive law. We choose the

Lyapunov function of system ({2.1)) to be

1 1 .
U(n,d) = 5772"'27@( —)°
By selecting
1§ = /{2772,

~

The time-derivative of U(n, ) along the closed-loop system is
. . 1 % 4
Un,v) = m+—0(0—1)
R2
= —Kk1? - 772(79 — )+ —9(9 =)
= —rn (2.2)

It is clear to see that both n and 9 — 9 are bounded. By Barbalat’s Lemma, then

lim; oo =0.
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Centralized Adaptive Consensus
of Multi-Agent Systems

3.1 Introduction

Research on cooperative control of MAS has been growing progressively in recent years.
Consensus is an important topic in cooperative control of MASs. The basic idea of a
consensus approach is to drive the state or output of every agent to a common value
(agreement). Many results have been obtained for MASs with linear dynamics as we
discussed in the literature review section in Chapter [I. We can conclude that research
on first and second-order MASs with linear dynamics is relatively mature in the existing
literature.

Research on MASs with nonlinear dynamics is a more challenging problem. At the
beginning, consensus problems were studied for nonlinear MASs satisfying Lipschitz
conditions. In some cases, linear consensus controllers are still able to handle this.
However, in many practical situations, the nonlinear dynamics of MASs may not satisfy
Lipschitz conditions, hence linear consensus controllers cannot be applied anymore.
Consequently, a nonlinear controller is required. In practice, the system dynamics
may contain uncertain nonlinearities that may differ for different agents. This induces
heterogeneity in the MASs and makes the consensus problem more complicated.

In this chapter, we study a centralized adaptive consensus framework for nonlinear
heterogeneous MASs subject to uncertainties. A control protocol is designed to achieve

consensus by maintaining the collective nominal behaviour for all agents.
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3. CENTRALIZED ADAPTIVE CONSENSUS OF MULTI-AGENT
SYSTEMS

We organize the remainder of this chapter as follows. The problem formulation is
presented in Section In Section [3.3] we present a centralized adaptive consensus
framework for MASs to maintain its nominal dynamics behaviour with the presence of
uncertainties in the nonlinear dynamics. An application to second-order MASs under
an undirected network is presented in Section [3.4] In Section a numerical example
is given to illustrate the effectiveness of our approach. We close this chapter with a

summary in the last section.

3.2 Problem Formulation

Consider a MAS with n > 2 autonomous agents expressed by
szfz(m'), i=1,--- ,n (3.1)

where z; € R is the state of the i and f;(z) is a general function representing the agent

dynamics. System dynamics (3.1)) has a compact form

i = f(x), (3.2)
where
nl

o T T
r = [z],z5, - ,x

This is a collective nominal behaviour of closed-loop MAS without the presence of
uncertainties in the dynamics. MAS (3.2) is supposed to achieve consensus with a
particular collective dynamics behaviour. This is described by a property in terms of

a Lyapunov-like function V' (z) satisfying the assumption below.

Assumption 3.2.1 There exists a continuously differentiable function V' (z) satisfying

a(|lz|r) < V(z) < a(llz(|r)]
for a matrix R € R™ ™ with 7 < n and class K functions a and @, such that,

P () < ~olelln) (3.3

for a class K, function «. (]

'Throughout the thesis, the notation ||z||% = =" R" Rz is used.
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3.2 Problem Formulation

Remark 3.2.1 For z; € R, if a full row matrix B € R Dxnl ig perpendicular to
T
1= [ 1 ...1 } € R", then ||z||g = 0 implies x = z,1 for some x, € R, that is a

typical consensus phenomenon. |

Now, we consider the presence of uncertainties in the MAS. The objective is to
propose an adaptive consensus protocol to handle the uncertainties in the dynamics
such that consensus is achieved by maintaining the collective behaviour of the nominal
system. The adaptive law will be designed separately from the consensus protocols in
the nominal dynamics system. This situation is implicitly shown in the closed-loop
systems .

Consider the MAS subject to uncertainties with n > 2 autonomous agents described
by

i = fi(x) + gi(xi, wi, i), i =1, ,n (34)

where the nonlinear function g;(z;, w;, ;) € R! contains constant unknown parameters
w; and an additional control input p; to adaptively handle the uncertainties. Suppose

the uncertainties to be in the class of linearly parameterized structure, i.e.,

i, wiy pi) = hiz) (wi — ;). (3.5)

We can rewrite the closed-loop system of MAS (3.4)) in a compact form as follows

&= f(z) + H(z)(w - p), (3.6)
where
w = [w-ll—>w;7"' ’w;rL]Ta
noo= [:U’Ihu';v 7IU’-TI—L]T7
H(z) = diag[ hi(z1) ho(z2) -+ hplzn) |.

The uncertain nonlinear functions g;(x;, w;, y;) could be trivially cancelled by p; =
w; if the parameter w; were known. In the practical situation, an unknown w; may
exist in the dynamics, hence an additional controller is required to handle the unknown

constant parameters.
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SYSTEMS

3.3 A Centralized Adaptive Scheme

In this chapter, an adaptive controller is designed along the gradient of the Lyapunov
function V' (z) for the case with unknown w;. The centralized adaptive scheme is sum-

marized as follows.

Theorem 3.3.1 For the system with under Assumption with the con-

troller
po= w
oV (x)
vto= A H A>0 3.7
S (), A > (37)
the time-derivative of
1
U(x,w) =V (x)+ ﬁleD (3.8)
with W = W — w Ssatisfies
Uz, w) < —a(|lz]|r), (3.9)
along the trajectory of the closed-loop system ++. 1

Proof: Direct calculation shows that the derivative of V(z) along the dynamics ([3.4])
with (3.5]) satisfies

V) = 20 gy - M g
< —aleln) - 2P r@a
Hence,
0m) < —alleln) — 20D H@yo+ i
< ~a(lelx)

for w = w given in (3.7). ]

The adaptive law (3.7]) can be rewritten as follows, for i = 1,--- | n,

i = W
W = )\a‘gyhi(mi),)\>0. (3.10)

From ([3.10), we can see that both the local state of agent i and full network state x
are required in designing the controller. The Lyapunov function V(z) for the nominal

behaviour system is required to be designed in a centralized manner.
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Remark 3.3.1 The adaptive control in Theorem is designed in a centralized
fashion. A collective nominal dynamics behaviour f;(x) is typically implemented in
a distributed fashion beforehand by assuming that there are no uncertainties in the
dynamics. In the next section, application to Theorem will be implemented for

second-order MASs with unknown constant parameters. 1

3.4 Application to A Network of Second-Order Uncertain

Dynamics
Consider a group of n > 2 autonomous agents described by the set of equations

Di = v

v = & (wi,vi)—i—ui, 1=1,...,n, (3.11)
where p;,v;, u; € R are the position, velocity and control input of the agent i respec-
tively. The nonlinear function &;(w;, v;) = (;(v;)w; represents heterogeneous nonlinear-

ities with known function ¢;(v;) and an unknown constant parameter w;.

For more convenience of presentation, we can rewrite MAS (3.11)) as

and in a compact form as

t=Ax+ H(zx,w)+u (3.13)

where

A e .
Pn Un
w1
C(v) = diag[cl(vl) Cn(vn)}’ w = o
Wn,
0 “
H(z,w) = [C(Urﬁw}’ u= u
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In this section, the network topology is represented by an undirected graph § =
{V, €}, where V = {1,2,--- ,n} is a finite non-empty set of nodes and € C V x V is
the set of undirected edges. Let us denote the adjacency matrix as A = [a;;], where
the edge from 7 to j is denoted as a;; > 0 if there exists a communication link from
i to j. The in-degree matrix of undirected network is represented by D = diag (d;).
The Laplacian matrix is defined as L = D — A = [L;;] € R™*", which has elements of

Lz‘j = —Qjj for ] 75 7 and Lii = Z;’L:l’j¢1 Qg -
Assumption 3.4.1 The network is connected. (]

Consider the virtual reference for the networked agents (3.11) is described as

Do = o

o = 0. (3.14)

There are two typical scenarios for MAS to achieve consensus by following the

agreed trajectory ([3.14):

(i) Assigned reference trajectory

In this case, the reference trajectory is prescribed as a priori information.
Or, in other words, the relative position and velocity between agent ¢ and the
leader are always available for feedback control design, then the consensus problem
simply reduces to distributed control for each agent. This is a type of traditional
control problem. However, if the reference trajectory is available only to some
agents or one agent, then consensus becomes more complicated. An interesting

result for linear MASs can be seen in [123], and results for nonlinear MASs in

[26].
(ii) Unassigned reference trajectory

In this setting, the reference trajectory is not prescribed a priori. It means
that the relative position and velocity between agent ¢ and the leader are not
available for feedback control design for any agent. The consensus problem in
this situation is more complicated. Consensus of MAS with nonlinear dynamics

under this setting is limited in the literature. Some results can be found in

[79, 181} 182] by applying robust control approaches.
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In this application, we investigate the setting of a general undirected leaderless MAS
with uncertain nonlinearities under Assumption [3.4.1] where the reference trajectory

(13.14])) is not prescribed a priori. The objective of asymptotic consensus is

Jim pi(t) —po(t) = 0
tlgglo vi(t) —ve(t) = 0 (3.15)

for some time functions p,(t), vo(t) : [0, 00) — R.
Recall that the Laplacian matrix L has at least one zero eigenvalue and the rest of

the eigenvalues have positive real parts. It has the following property
L1=1"L=0,
where 1 = [ 1 - 1 ]T. There exists a matrix Uy € RM*n=1 gch that
o= 3 0]
is an orthogonal matrix. As a result, the Laplacian matrix L can be transformed into

S
U LU—[O a7l

where H is a positive definite matrix with all positive eigenvalues of L on the diagonal.

Let us define the matrix R as follows

Ulp | _
[ UTo ] = Rz, (3.16)

where R has a full rank and the rows of R are perpendicular to span {1 ® I5}. From
the definition of U and U~!, one has

1
ﬁllT—i—UlUlT =7 (3.17)
and
ﬁUlT = U{LULU{

— UL (1 _ 111T>
n

- UL

Before giving the proof for the control protocol for MAS (3.11)), let us introduce
two technical lemmas which will be used to prove Theorem
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Lemma 3.4.1 [33] The network is under Assumption 3.4.1L Let vy1,72 € R be the

weights of the consensus protocol and A; = 2,3,...,n is the positive eigenvalue of L.

A _ 0 In—l
—-nH  —H

has stable eigenvalues if and only if the consensus weights satisfy v1,7v2 > 0 and they

The matriz

are chosen as follows:
(i) If the i-th eigenvalue A; of L is positive and real, then ~1,v2 > 0.

(ii) If A; is complex, then

Im2{A;} — Re?{A;}

> max;
Y172 Re2{Ai} ‘Ai‘Q

Lemma 3.4.2 The network is under Assumption consider MAS (3.11) with & (w;, v;) =

0. Consensus is achieved by taking the following control protocol
u = —vy1Lp — yaLv, (3.18)

where 1 and o are properly selected such that the matriz A is Hurwitz. Let P =

P
H

i > 0 € REn=2)x(2n=2) 45 o unique solution to the Lyapunov equation

PA+A"P=-Q<0,
where P > 0 € R=UX(=1) " The time-derivatives of Lyapunov function Vix)
V(z) =2"R"PRx (3.19)

satisfying
Amin(P)|2]1% < V(@) < Amax(P) |27

along the closed-loop system is

V(z) < —Aain(Q)]|z] % (3.20)
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3.4 Application to A Network of Second-Order Uncertain Dynamics

Proof: We can write the closed-loop system of MAS (4.15) with free uncertainties
and under controller (3.18)) as

p = v
0 = —mLp—yLuv. (3.21)

By doing the calculation using the facts in 7" and 7', we have

. [ufp
Rr = _ Ule)}
[ Ufv
| —mUJ Lp — U] Lv ] (3.22)
[ Ulv
| =mHU{p—HU{v
_ [ 0 [n—l Uirp
L _'VIFI —vH Ujv
= ARuz. (3.23)

Now, we can calculate the time-derivatives of Lyapunov function (3.19))

V(r) = 2"R"PRi+ i "R"PRx
= 2'R"PARx + [ARx]' PRx

2"R"(PA+ A"P)Rx

2" R"QRx

—Amin(Q)|2][%- (3.24)

IN

The proof is completed. |

The main result on a centralized adaptive controller for MAS (3.11) is stated in the
Theorem B.4.1]

Theorem 3.4.1 The graph is under Assumption[3.4.1, Consider MAS (3.11), consen-
sus is achieved in the sense of for some time functions po(t),ve(t) : [0,00) — R
by taking the following control protocol

u=—y1Lp— Lo — ((v)u (3.25)
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where the consensus weight 1 and o are provided in Lemma[3.4.2 and

po= w

w = y((v)L(p+o), (3.26)

with a positive constant ~y. 1

Proof: The closed-loop system of MAS (|3.13) with controller (3.25) can be written

as

= Az — H(x,0), (3.27)
where
L 0,
H(z,w) = [ C(w }

(v)w
From Lemma (3.4.2| u we can see that & = f(z) in this application is represented by
MAS in ideal situation B.211

The Lyapunov function of MAS (3.27) is chosen to be

The time-derivatives of U(z,w) along the closed-loop system is

U(z,%) = a"R'PRi+ @ R"PRx+ iw W + }y DT
— «"R"(PA+ A"P)Rz — " R"PRH (x, @) — H'(x,®)R" PRz
+(p" + 0" L (v} + 0" C(0)L(p + 0)
= —2"R'QRx — (p" +v")ULHUC(0)d — @' C(0) UL HUT (p + )
+(p" + 0" LE(v)i + 0" C(0)L(p + 0)
= —2"R'QRx — (p" +v")L¢(w)d — 0" ¢(v)L(p + v)
+(p" + ") L{(v)d + @' ((v) L(p + v)
< “min(Q)|2]1% (3.28)

We can see that both ||z(t)||gr and z(t) are bounded. By Barbalat’s Lemma, one

has lim;_, ||z(t)||r = O, that is,

lim [ Ulp(t) ] — 0. (3.29)
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Let po(t) = 217p(t) and v,(t)
p
and
v
one has

Jim p(t) = 1po(t)
lim v(t) — 1v,(t)

t—o00

This completes the proof.

%lTv(t). From the following relationship

U*Uflp
= |

1
1(;1Tp) + U1(U{p),

g7

val'p
Ulp

1

11 Ul}

= UU '
L 17y
- | L1 U Vn
[ vn 1} UlTv
1

1(-1") + U1 (Ufv),

. T _
Uy tlgoon Uip(t) =0

. T _
U1thm Ulv(t) =0

Remark 3.4.1 The control protocol (3.25) is composed of two parts. The first part is
the controller (3.18]) proposed to achieve consensus for the ideal situation, where the
nonlinear function &;(w;, v;) vanishes. The second part is the adaptive controller ([3.26))

added to the controller when

the uncertain nonlinear dynamics &;(w;, v;) is taken into

account. These two parts can be designed separately as stated in the Theorem [3.4.1

Remark 3.4.2 Although adaptive law is designed along the gradient of Lyapunov
function in a centralized manner as stated in the Theorem [3.3.1] it can, however, be
applied in a distributed fashion as a special case. MAS with controller
and adaptive law is one of the examples. Let

n
Lip = =Y a;j(pj—p)
7=1
n
Li'l} = - Zaij(vj - 'UZ'),
J=1

33
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where L; is the i-th row of L. Then (3.13) and (3.26) can be rewritten in distributed

algorithm as follows

u; = —y1Lip — y2Liv — G(vi) 1,

Hi = Wj

Wi = 7G(v)Li(p +v).

3.5 Numerical Simulation
Consider a MAS with n = 6 autonomous agents described by

pi = U

v, = Ci(vi)wi+ui, 1=1,....,n,. (3.30)

The function (;(v;)’s are given as follows

Assume all the unknown parameters are selected within the interval [—20,20]. The

network topology is given in Fig. [3.1

Figure 3.1: An undirected network topology of six agents

From Fig. we can generate the Laplacian matrix

2 -1 0 0 0 -1
-1 2 -1 0 0 O
0o -1 2 -1 0 O
o -1 2 -1 0
o o0 o0 -1 2 -1
o 0 0 -1 2
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3.5 Numerical Simulation

In this section, we will present several simulation results with various scenarios to
see the effectiveness of the proposed controller. The initial conditions are chosen as

follows
p(0) = [2 3 25 0 -3 —05]
v0) = [3 2 -3 25 -1 15]",
and the unknown constant parameters are
w=[20 10 6 -4 -14 -20]",

In the first scenario, we demonstrate the simulation of MAS (3.30) with w; = 0.
Fig. shows that consensus is not achieved under this situation. Each agent moves
without controller from its initial position and velocity according to its own nominal

behaviour and nonlinear dynamics.

150 T T T T T T T T T

100 - p|
P2
50 P3|

position

50 =

-100 C 1 1 1 1 1 1 1 1 1 .
0 2 4 6 8 10 12 14 16 18 20
time (s)

10 T T T T T T T T

U1
V2
U3
Uy
Us

velocity

Ve

0 2 4 6 8 10 12 14 16 18 20
time (s)

Figure 3.2: Profile of state trajectories of six agents without controller

Now, we consider MAS (3.30) when free of uncertainties i.e. ((v;)w; = 0. The
consensus controller studied in Lemma is implemented for each agent. By Lemma

3.4.1| for P = 2I,,_1, we select y; = 5 and v, = 5, then A is Hurwitz and Q is positive
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definite. Under this situation, consensus is guaranteed to be achieved under controller
(3.18). Or, in other words, this situation represents MAS under ideal condition & = f(x)
as described in (3.2]). The simulation results for this setting can be seen in Fig. In

the plotted figure, we show that consensus is achieved as concluded in Lemma [3.4.2

P2

P4

position

DPs

_5 1 1 1 1 1 1 1 1 1
0 2 4 6 8 10 12 14 16 18 20

time (s)

velocity

_5| 1 1 1 1 1 1 1 1 1
0 2 4 6 8 10 12 14 16 18 20

time (s)

Figure 3.3: Profile of state trajectories of six agents under ideal situation

When the nonlinear dynamics ¢;(v;)w; is taken into account, then an adaptive
controller is required to be added in the control structure to handle the uncertain
nonlinearities. By Theorem the adaptive controller is generated by the following
adaptation law

@ = 7¢(v)L(p +v),
where v = 100.

To see the performance and the effectiveness of consensus control studied in Theo-
rem we compare the response of the closed-loop system with and without adaptive
controller. Fig. and illustrate the profile of state trajectories of six agents to
achieve consensus without and with adaptive controller respectively. From the sim-
ulation results, we can see that consensus cannot be achieved for MAS with linear

consensus protocol only. The controller (3.18) is not enough to guarantee consensus
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3.5 Numerical Simulation

due to the presence of disturbance in the dynamics. By adding adaptive controller, the
uncertain nonlinearities can be handled. Fig.[3.6]shows that the estimator w; converges
to the true value of unknown constant parameters as well as the dynamics of adaptive
law W converging to zero. The estimation error w; also converges to zero as can be

seen in Fig. [3.7 Therefore, consensus can be achieved as concluded in Theorem [3.4.1

position

velocity
o 6]
\
1 -
! _
|

o —
N
IN
o
[eoe]

10 12 14 16 18 20
time (s)

|
(&)}

Figure 3.4: Profile of state trajectories of six agents without adaptive controller

When the range of unknown constant parameters interval is increased to be [—100, 100],
under similar controller, consensus still can be achieved. In this scenario, w; is selected

to be

w;=[100 80 30 —-20 —70 -100 | .

The profile of state trajectories of six agents is illustrated in Fig. |3.8 Compared
with the case where unknown constant parameters are within the interval [—20, 20], the
controller now requires a little bit more time to achieve consensus. From Fig. |3.9] and
we can see that both @; and @; converge to zero. This means that the adaptive
controller is able to estimate the unknown constant parameters. This situation shows

that the adaptive controller has the capability to cope with the changing environment.
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Figure 3.5: Profile of state trajectories of six agents with adaptive controller

Based on the aforementioned simulation results, we can verify that asymptotic consen-
sus can be achieved using the proposed controller as concluded in Theorem We
also can see the performance of the adaptive controller to handle uncertain nonlineari-

ties.

3.6 Summary

In this chapter, we have presented a centralized adaptive scheme for a MAS that aims
to maintain its nominal collective behaviour subject to uncertain nonlinearities. The
controller contains two main components that can be designed separately. The first is
a control protocol designed for the MAS when free of uncertainties. The second is an
adaptive controller added to the control structure when the nonlinear dynamics with
unknown constant parameters exist. The proposed adaptive controller is incorporated
by the certainty equivalence principle. The effectiveness of our approach is presented
for the consensus problem for second-order MASs subject to uncertainties under a fixed

undirected network. We present some simulations with various settings to illustrate the
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Figure 3.6: Profile of w; and w; with adaptive controller
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Figure 3.7: Profile of w; with adaptive controller
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Figure 3.8: Profile of state trajectories of six agents with unknown constant parameters
within interval [—100, 100]

performance of our control approach.
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Figure 3.9: Profile of w; and w; with adaptive controller and unknown constant param-
eters within interval [—100, 100]
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Figure 3.10: Profile of w; with adaptive controller and unknown constant parameters
within interval [—100, 100]
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4

Distributed Adaptive Consensus
of Multi-Agent Systems with
Linearly Parameterized

Dynamics

4.1 Introduction

This chapter studies a distributed adaptive scheme for consensus of nonlinear MASs
subject to uncertainties. As stated in Chapter [I| some results are available to deal
with consensus of nonlinear MASs with uncertainties. However, it is still challenging
to design distributed adaptive consensus control to achieve asymptotic consensus.

Recently, the adaptive control technique has been investigated to study consensus
problems for MASs with uncertainties. For instance, a first-order MAS was first studied
in [87] under an undirected communication graph, and a more general framework for a
group of continuous-time systems was considered in [88]. A similar adaptive technique
was used in [89] for both first and second-order MASs with a Nussbaum gain added to
deal with unknown control direction. The undirected fixed topology has been extended
to undirected jointly connected switching topology in [93] for leader-following case and
in [94] for leaderless case.

In the above schemes, although the adaptive law along the gradient of a Lyapunov

function is effective, it has the limitation that the technique cannot be generalized to
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handle second-order MASs with a directed graph. It essentially requires all the agent
states to construct a global Lyapunov function. This intrinsic methodology limitation
makes general distributed implementation difficult for tackling the consensus problem
for complicated MASs.

For a directed graph, the associated Laplacian matrix is asymmetric, which sig-
nificantly complicates the problem. Some relevant work for consensus of MASs with
uncertainties can be found in [97], which gave a result for higher-order MASs, but
for the leader-following case. Moreover, it is noted that consensus in [97] cannot be
achieved asymptotically but with a residual error. The work in [97] also considers NN
approximation for the unknown nonlinearities. The residual error is caused not only by
NN approximation errors, but also by the distributed implementation of the adaptive
law. In other words, residual consensus errors still exist even if the NN approximation
error is zero. The work in [97] includes the early results in [95] [96] as special cases.

Even though an adaptive law along the gradient of Lyapunov function using the
certainty equivalence principle has been proved to be successful in the aforementioned
scenarios, it does not work for MASs in general, as a Lyapunov function is usually
centrally constructed. In other words, distributed implementation of the gradient of
Lyapunov function is usually impractical except for limited cases. For instance, it still
remains open to design a distributed adaptive law to achieve asymptotic consensus for
a second-order MAS in a directed network. As will be explained in detail in the next
section, an adaptive law along the gradient of Lyapunov function has its inherent draw-
backs for solving this open problem due to the lack of its distributed implementation.

In this chapter, we propose a novel distributed adaptive scheme, not relying on
the gradient of Lyapunov function, for general nonlinear MASs with unknown constant
parameters. In the gradient based scheme, the estimation error is expected to have a
steady state zero. To drive the agent states together with the estimation error to their
steady states, the adaptive law must follow the gradient of Lyapunov function. The
novel idea is to introduce an input compensation such that the steady state of the esti-
mation error is not zero but a manifold in the state space of agent states and estimated
parameters. By proper selection of the manifold, it can be made attractive without
relying on the centrally designed Lyapunov function. At the manifold, the agent states

also approach their desired steady state. The idea in characterizing the steady-state
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manifold originates from the steady-state generator design in the output regulation the-
ory for dealing with asymptotic disturbance rejection and reference tracking 124} [125]
and immersion and invariance adaptive control of nonlinearly parameterized systems
[115]. Within the novel distributed adaptive scheme, the aforementioned open problem
on asymptotic consensus of a second-order nonlinear MAS in a directed network is

solved.

4.2 Preliminaries and Motivating Examples

Recall a MAS with a properly designed controller (3.1)), described by

;= filx),i=1,---,n (4.1)

where z; € R! is the state of the i-th agent and x = [2],23,--- ,2T]". Denote f(z) =
[ff(x1), f3(z2), -+, fo(xy)]" and the network has the compact form & = f(z). This is
the nominal closed-loop MAS free of uncertainties. Suppose the MAS has achieved a
certain consensus behaviour, as described by a property in terms of a Lyapunov-like

function.

Assumption 4.2.1 For systems There exists a continuously differentiable function
V(x) satisfying
a(llzlr) < V(z) < a(|lz([r)

for a matrix R € R™ ™ with i < n and class K functions a and @, such that,

M) () < ~olelln) (1.2

for a class K, function a. Moreover,

for some positive constant o. |

oy S (4.3)

Remark 4.2.1 Two typical scenarios of Assumption [4.2.1) are explained as follows.
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(i) If R € RM™*" e, f = n, is a nonsingular matrix, then ||z| g = 0 implies ||z| = 0.
In this scenario, the function V(z) is a Lyapunov function for the xz-system and
Assumption implies lim;_,o ||z(t)]| = 0, i.e., asymptotic stability about the

equilibrium at the origin.

(i) If R € R=Dxnl je i = n — 1, is a full row rank matrix and the rows are
perpendicular to span{l ® I;} where I; € R"*! is an identity matrix and 1 =
[ 1 ... 1 }T € R”, then ||z||g = 0 implies z = 1 ® z, for some z, € R'. In
this scenario, the function V' (z) is a Lyapunov function for the Rz-subsystem and

Assumption implies limy_,o [|2(t)||r = 0, i.e., limyoo[z(t) — 1 @ 20(t)] = 0,
which is a typical consensus phenomenon.

Now, we consider the network subject to uncertainties. The objective is to design an
adaptive scheme to deal with the uncertainties such that the behaviour of the nominal
system is still maintained. The design of an adaptive law is expected to be separated
from the consensus controller in the nominal system, which is not explicitly shown in
the closed-loop structure .

Specifically, the network of MAS subject to uncertainties is represented by

where the nonlinear function g;(z;, w;, ;) € R! contains constant unknown parame-
ters w; and an additional adaptive control input p; to handle the uncertain nonlinear

dynamics Suppose the uncertainties have the linearly parameterized structure, i.e.,
9i(@i, wi, pi) = hi(xi) (wi — p;). (4.5)

We can rewrite the system in a compact form

&= f(x)+ H(z)(w— p), (4.6)
where
w = [wI’w;f" 7w:L]T
no= [:U’-{’M;v"' aM:—z]T
H(z) = diag[ hi(x1) ha(z2) -~ ha(za) |-
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If the parameter w; were known, u; = w; could trivially cancel the uncertainties
gi(xi, w;, ;). For the practical case with an unknown w;, an adaptive law can be de-
signed along the gradient of the Lyapunov function V' (x) as presented in Theoremm
However, the adaptive law is not always distributed, as 0V (z)/0z; depends on
not only the local state of agent ¢, but also the full network state = unless V(x) can be
properly designed to have a distributed 0V (x)/0x; on a case by case basis. However,
it can be true only for very limited cases because the function V(x) for the nominal
system is constructed in a centralized manner. Two motivating examples are given as

follows.

Example 4.2.1 Consider a first-order integrator MAS in the network of an undirected
graph associated with a symmetric Laplacian L. The nominal network dynamics are
given as

&= —L,
where x € R™. The Lyapunov function of closed-loop system is chosen to be

1
V(z) = ixTL:L‘,

where L = R"R for a full row rank matrix R € R(®~D*" when the graph is connected.

The time-derivative of V(z) along the trajectory of & = —Lx is
V(r) = —2'LLlx
= —(Rz)"(RR")(Rx)

< —Tmin”xH%%a

where 7y, > 0 is the minimal eigenvalue of RR". When the network is subject to un-
certainties H (z)w, i.e., * = —Lx+H (z)(w—p), following Theorem the additional
adaptive controller p in (3.7]) has the specific form

Ti)i = )\hz—(ml)sz

= )\h;—(.Tz) Z lijfL'j, A>0,
jENiU{i}

with L; the i-th row of L and N; the set of neighbours of ¢. In this scenario, the
adaptive scheme is implemented in a distributed fashion. This development can be
found in, e.g., [94]. 1
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The adaptive law (3.26) studied in Chapter [3|is another example showing that the
adaptive law ([3.10) can be implemented in a distributed fashion as a special case.

Example 4.2.2 Consider a first-order integrator MAS & = — Lz in the network of a

directed graph associated with a Laplacian matrix of the special form

L:[ 0 O1x(n-1)

4.7
-b L,+B (47)

that represents a leader-following network with agent 1 as the leader. The matrix L,
is the Laplacian of the sub-network of followers and B = diag(b),b = [ba, - ,b,]"
with b; > 0 the weight from the leader to agent ¢. Denote L, = D — E where D =
diag(da, -+ ,dy) a diagonal matrix and F an off-diagonal one. Assume the network
has a spanning tree with the root node being the leader node 1. Then, there exists a

diagonal matrix P = diag(pa,--- ,pn) > 0 such that
2Q =P(L,+ B)+ (L,+ B)"P > 0.

Let
R=|-b L,+B |,

one has
RL = (L, + B)R.

The time-derivative of Lyapunov function

1
V(z) = =2"R"PRx

2
along the trajectory of & = —Lx is
. 1
V() = —ngRT[P(LO + B) + (L, + B)"P]Rx
< —2'R'QRux.

When the network is subject to uncertainties H(z)w, i.e., # = —Lzx + H(z)(w — p),

along which the time-derivative of

is
) 1.
U(x) < —2"R'QRz + [Xﬁ)T — 2'R"PRH (z)]w.
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Following Theorem the update law in has the specific form
w = A\H"(z)R"PRz. (4.8)

The update law shows that not only is the information about neighbours
required to generate the update law, but also the information about the neighbour’s
neighbours. It means that the update law cannot, be implemented in distributed
fashion. In fact, a distributed adaptive law for this scenario still remains open.

For the scenario studied in [97], the leader is free of uncertainty, i.e., hy(z) = 0 and

w € RO trivially. Then, one has

RH(z) = (Lo+B)diag| 0 halws) -+ hu(sn) |
= (Lo + B)H(x)
= (D+ B)H(x) — FH(x)
for H(z) = [O,diag [ ho(xa) -+ hp(zy) ” . The following update law was applied

w = MH"(x)(D + B)PRx — Ak,

that gives

IN

Ul(x) —2"R"QRz + [~k + 2" R"PEH (z)]%

[—2"R"QRz + 2" R"PEH (z)w — s|0[]*] + |wl|||@].

IN

The update law is implemented in a distributed fashion by noting that the matrices
P, D and B are diagonal, that is,

with L; the i-th row of L. In the expression of U(z), the terms in the square brackets
can be made negative with a sufficiently large x but the positive term x||w||||w| causes
a residual consensus error. In other words, no asymptotic consensus can be achieved

using the approach developed in [97]. 1

4.3 A Distributed Adaptive Scheme

The main contribution of our approach in this chapter is to bring a novel adaptive

scheme that can be implemented in a distributed fashion. For this purpose, let us have
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a close inspection of the approach in Theorem For the system (4.4) with linearly

parameterized uncertainties, we introduce a virtual exosystem

o= filT)
Wi = 0,i=1,---,n. (4.9)

The agent state x; and input p; are expected to have the steady states z; s = 7 and

i ss = w;, respectively. In this sense, we call

W = 0,

Hiss = er‘,Zzl,"‘,'fL

the steady-state generator for the input u;, which motivates the update law

w; = 04V,

Hi = Wi, Z:L"'ana

where V is designed along the gradient of Lyapunov function such that the manifold
{(z, p, 7yw) | x; = 73, s =wj, i =1,--- ,n} is attractive.

The novel idea is to introduce a function (5;(x;) to the input, i.e., u; = —F;(x;) + fi;.
Along the virtual exosystem , the agent state z; and input [i; are expected to have
the steady states x; ss = 7 and fi; s = 0;(73, wi) = Bi(7i) +w;, respectively. As a result,

we have a steady-state generator for the input fi;

. 0B;(7;
Oi(Ti,w;) = azf_ll)f,(T)
ﬂi,ss - 9i<7—i7wi)7 1= 17 , 1,
that motivates the update law
. 0B;(x;
ﬂi - /LDZH 1:17777’

In this design, §; can be properly selected such that the manifold {(x, i, 7,w) | z; =
Ti, i = 0i(1i,w;), i = 1,--- ,n} is attractive. The introduction of §; avoids the
implementation of V that relies on a centrally designed Lyapunov function.

In this new development, if we treat w; as the estimated value of w;, the steady state

of the estimation error w; — w; is not zero but 6;(7;, w;) — w; = B;(7;) where 7; is the
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steady state of z;. Therefore, we aim to drive w; —w; to the manifold {(z;, w;) | W;—w; =
Bi(x;), i =1,--- ,n} in the space of agent states and estimated parameters. By proper
selection of the manifold, it can be made attractive and the agent state x; can approach
its desired steady state 7; on the manifold. The rigorous formulation of the approach

is given in the following theorem.

Theorem 4.3.1 Consider the system with under Assumption|4.2.1. Let the

distributed controller be

pi = W — Bizi)
Lbi = —)\@h;r(xz)fz(l‘) (4.10)

where Bi(x;) is any continuously differentiable function satisfying

Bi(ws) | 1/
e = A (@), (4.11)

for some \; > 0. Then the time-derivative of

n

o 1
= PTZEEERY % %, 4.12
U@,2) = V@) + 175 Z; Yk (4.12)
with
zi = Bi(wi) — Wi, W; = Wi — w, (4.13)
satisfies
U(x,2) < —ka(|lz||r), (4.14)
for any 0 < k < 1, along the trajectory of the closed-loop system ++@).
[ |

Proof: The system composed of (4.4)+(4.5)+(.10) can be rewritten as

;. = fi(z) + hi(zi, w;) — hi(zs, 05 — Bixi))
= fz(x) + hi(xi,wi) — hz‘(ib'i,wi - Zz)

Direct calculation shows

V(z) = o f(x)+z oz, hi(xi)z;

N
|
2
£l
=
+
Nk
Q
&
T
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For any 0 < k < 1, pick a = (1 — k)/o. One has

V) < 1 - Ralole
Moreover
Vi) < —alleln) Z{ ;Hmwz«iu?}
< —aflelln) +a 2 i (o)
<

—ka(|[zllr) + Z @Hhi(l'i)zz"‘?-
i=1

Next, one has

oo OBz
(2 aml 7 7
_ OBi(wi) , OBi(wi), . OBi(z)
= B fw) + 2 (s — 2 i)
_ a%gi)hi(xi)zi
Then, the derivative of
1 T
TAiZiZZ
along the above trajectory is
d(%z}zz) _—
— —z; hi (zi)hi(i)zi
= —lhi(z)al.

As a result, the derivative of
U(z,z) =V (z)+ — ! E LZTZ‘
T da =20,

along the trajectory of the closed-loop system is

n

: 1
Ulz,z) < —ka(|z]r) +Z R (i) zl1* — Z@th’(%)zz‘!\z

=1
—ka(||z|r)-

IN

The proof is thus completed.
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Remark 4.3.1 In Theorem the adaptive controller is implemented at each
agent 7. This scheme is distributed as it only relies on the agent state x; and its nominal
dynamics f;(z). The nominal dynamics f;(x) is implemented beforehand for the ideal
situation free of uncertainties, typically in distributed fashion. The effectiveness of
Theorem will be demonstrated by a network of second-order uncertain dynamics

in the next section. ]

4.4 Application to A Network of Second-Order Uncertain

Dynamics

We consider a group of n > 2 agents governed by a set of second-order nonlinear

differential equations

Pi = U

U = oap; + o + & (wi,v) Fug, i =1, 0, (4.15)

where p;,v; € R are the states and u; € R is the input of the agent i. The function
&i(wi,v;) = Gi(vi)w; for a bounded function (;(v;) represents heterogeneous nonlinear-
ities with w; an unknown constant parameter. The two parameters o and as are

known. For convenience of presentation, we denote
a1 9 ’ ¢ v;

p1 U1 T ul

and

In this section, the network of MASs is given by a directed graph § = {V, £}, where
V ={1,---,n} is a finite non-empty set of nodes (i.e., agents) and € C 'V x V is the
set of edges (i.e., communication links). The adjacency matrix A = [a;;] of a weighted
directed graph is defined as a;; = 0 (no self-loop) and a;; > 0 if (j,7) € € where i # j.
The Laplacian L has elements of L;; = Z#i a;; and L;; = —a;j, where ¢ # j. For a

distributed algorithm, each agent 7 can achieve the information from the network as
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follows, with L; denoting the i-th row of L,

n

Lip = _Zaij(pj_pi)
j=1
n

Lﬂ) = — Z aij(vj — Ui).
7=1

In this section, we study a general directed leaderless setting that includes the leader-
following case (with the Laplacian of the special form (4.7))) as a special case. Through-

out the section, we have the following assumption.

Assumption 4.4.1 The network has a directed spanning tree. 1

The objective is to design a distributed adaptive consensus protocol (i.e., only p;,
vi, Lip and L;v are available measurements for agent ¢) under which the MAS under

Assumption has the following asymptotic property

Jim p(t) = po(t)1 = 0
tliglo v(t) —vo(t)L = 0 (4.16)

for some time functions p,(t), v(t) : [0,00) — R.

Under Assumption the Laplacian L has one zero eigenvalue and the remaining
eigenvalues contain positive real parts. Let the vectors r € R™ and 1 be the left and
right eigenvectors corresponding to the eigenvalue zero of L, in particular, r"L = 0,
L1=0,and r'1 = 1.

There exist matrices W € R»~Dxn 7 ¢ R"*("=1) guch that

T:[;;],T_lz[l Ul.

One has the following similarity transformation

4 Joo
TLT _[o ;

where J = WLU € R(Dx(=1) ig 5 matrix with all eigenvalues having positive real
parts. Define the matrix R as follows
R

Wo ] = Rx.
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It is easy to check that R has a full row rank and the rows of R are perpendicular to
span{l ® I»}.
We first have the following technical lemma.

Lemma 4.4.1 Under Assumption[{.4.1, there exist y1,v2 > 0 such that the matriz

_ 0 1
A
oaI—le agI—’}QJ

1s Hurwitz. ]

Proof: Under Assumption all eigenvalues of J have positive real parts. Let
Py e R(v=Dx(n=1) he the positive definite matrix such that

P;J+JP;=1.
Let ¢ be a positive constant such that
Py < 2cl,
which, by Schur complement, implies

1 PJCI} <0. (4.17)

Q:[PJ—CI —2I

By choosing 72 = ¢v; and a sufficiently large v; > 0, we will show A is Hurwitz. Denote

_ | mPr Py
P_|: PJ CPJ:|’

which is positive definite if ¢y; > 1. Note that
PA+A™P =7%Q +Q.,

where
Q. = 200 Py (ag + 1) Py
¢ (042 —i—OqC)PJ 2(1 +a20)PJ

is a constant matrix. For a sufficiently large 1, PA + ATP = v1Q + Q. < 0 due to
(4.17). Therefore, A is Hurwitz. n

The next lemma shows the consensus result for the ideal situation.
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Lemma 4.4.2 Under Assumption consider the system ([4.15) with & (w;,v;) =0
and
u; = —m1Lip — 2L, (4.18)

_ 0 1
where 1 and o are such that the matriz A = is Hurwitz.
ol —yJ  agl —yJ

Let P = P > 0 be the solution to the Lyapunov equation
PA+A™P=—1I.
The function
V(z) =2"R"PRx (4.19)

satisfies Pmin||x\|% <V(z) < PmaxH:z:H%% (Puin and Pypax are the minimum and mazi-

mum eigenvalues of P) and its derivative along the closed-loop system is

V(e) = |zl

Proof: The closed-loop system composed of (4.15) and ({4.18) is

Di = v

0; = oaupi+agvi — 1 Lip —yeLiv, i =1,...,n, (4.20)
denoted as @; = f;(z). It can also be put in a compact form

p = v
U = ap+ asv —y1Lp—ylv. (4.21)

From the definition of 7" and 7!, one has
1"+ UW = 1.
and

JW = WLUW
= WL(I—1r")
= WL.
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Using this fact, we have the following calculation

. [ wp
Re =y
B [ Wo
| aWp+aaWo—yWLp—~WLv
- [ Wuo
| aWp+aaWo -y JWp —yJWo
T 0 1 Wp
ol —mJ ool —yJ Wo
= ARzx.
As a result,
V(z) = x'R"PRi+ i"RTPRx
= 2'R"(PA+ A"P)Rz
= —|«|%
The proof is completed. [

The main result on a distributed adaptive controller is stated in the following the-

orem that is proved by applying Theorem [4.3.1]

Theorem 4.4.1 Under Assumption consider the system (4.15) with the controller

u; = —y1Lip — 2 Liv — Gi(vi) i, (4.22)
where 1 and v2 are given in Lemma[{.4.2,
pi = W — pi(vi)
Wi = —Al] (vi)[enpi + agv; — M Lip — o Liv], (4.23)

and p;(v;) is any continuously differentiable function satisfying

dpi(vi)
avi

= —)\Z‘C;—(vi), A > 0. (4.24)

Then, consensus is achieved in the sense of for some time functions py(t), vo(t) :
[0,00) — R. 1
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Proof: The closed-loop system composed of (4.15) and (4.22)) is, for i =1,...,n,

Di = U

0 = oqp; + v — y1Lip — vaLiv + ((vi) (wi — ), (4.25)
or in a compact form (4.4), i.e.,
& = fi(x) + hi(x) (wi — ),

where &; = f;(z) is given in (4.20) and
0
hi(x;) = .
i(@:) [Q(Ui) ]
In Lemma it has been proved that Assumption [£.2.1]is satisfied for &; = f;(z).
It is noted that

2
12520 jowrrrPR?
o N _ R RPRIC i pRpe < . (4.26)
2% (e

For (4.24) and S;(z;) = pi(v;), one has (4.11]). Also, (4.10) takes the special form
(4.23). By Theorem one has

Ulz,z) < —k|z|/% (4.27)

for

Uz,z) =V(z)+ A1—%) Z 27\1,21' 2,

and z; = p;(v;) — Wi, W =W — w.

It is obvious to see that both ||z(t)||z and z(¢) are bounded. Because of
Ri = ARz + RH (7)z,

|2(t)||r is bounded and hence —k||z(t)||% is uniformly continuous in ¢. By Barbalat’s

Lemma, one has lim;_,« || z(t)|| g = 0, that is,

EOR

lim
t—o00

Let po(t) = r"p(t) and v,(t) = r"v(t). From the following relationship

p = [1 U}[;V];]
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4.5 Numerical Simulation

and
rTy
v = [1 U] [ Wv]
= 1(r'v) + U(Wv),
one has

Jim p(t) =po(t)1 = U lim Wp(t) =0
tli)rglo v(t) —vo(t)1 = Utlggo Wo(t) =0.

The proof is thus completed.

Remark 4.4.1 The controller consists of two components. The first component
is designed as for the ideal case with &;(w;,v;) = 0 to achieve consensus. When
the uncertainty &;(w;,v;) is taken into account, an additional adaptive compensator
—(i(v;) i with the update law is added to the controller. The critical advantage
of the approach based on Theorem is that the aforementioned two components

can be designed separately.

4.5 Numerical Simulation

We consider a network of n = 6 agents described by

Di = v

v = —pi+&(wi,v) +ug, i=1,...,n.

The nonlinear uncertain terms &; (w;, v;)’s are given as follows

wivg’, 1=1,2,3
&i(wi,v;)) = w;, i=4,5

w; Uy, 1=206

(4.28)

Assume all the unknown parameters are selected within the interval [—5,5]. The

network topology is given in Fig. with communication weights marked associated

with the edges.
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Figure 4.1: The network topology of six agents

From Fig. we can generate the Laplacian matrix

2 -2 0 0 0 0
0 3 -3 0 0 0
-3 0 3 0 0 0
=19 0o =5 5 0 0 (4.29)
0 0 0 —4 9 —5
| -1 0 -2 0 0 3 |

In this section, we illustrate the performance of theoretical results developed with

several scenarios. The initial conditions are selected as follows

p(0) = [3 5 20 -5 —3]"
v0) = [51 -5 3 -2 1],

and the unknown constant parameters are
w=[5 4 05 -05 -1 —5]".

The states of MAS (4.28) are expected to achieve consensus on a sinusoidal trajec-

tory determined by the following nominal dynamics
pi = i
Ui = —pi
In the first scenario, we demonstrate the simulation of MAS (4.28]) with u; = 0. The
information from the network and agent states is unavailable for feedback control for

any agent. Consensus is not achieved under this situation, as illustrated in Fig. We

can see that agent ¢ moves from its initial position and velocity with unstable velocity.
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Figure 4.2: Profile of state trajectories of six agents without controller

The nominal behaviour of the agent ¢ cannot be seen in this simulation, due to the
presence of nonlinear dynamics.

Now, MAS is considered to be free of uncertainties i.e. & (w;,v;) = 0. By
Lemma we can choose 7; = 10 and v = 5 such that A is Hurwitz. According
to Lemma consensus with a collective nominal dynamics is guaranteed to
be achieved under controller . Or, in other words, this situation represents MAS
under the ideal condition & = f(z). The simulation results for this setting is plotted
in Fig. We can see that both position and velocity of every agent converge to a
collective nominal behaviour i.e. sinusoidal trajectory.

When the uncertain nonlinearities &;(w;,v;) exist in the closed-loop systems, then
an additional controller is required to be added in the control structure. The consensus

controller developed in Theorem is proposed in this scenario. The design of the
controller (4.22) and (4.23) with p;(v;) are specified as follows

—\vi/4, i=1,2,3
pi(vi) = —)\Z'UZ', 7= 4, 5 5 (430)
—\ivZ/2, i=6
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Figure 4.3: Profile of state trajectories of six agents under ideal situation

where \; = 0.01.

To illustrate the performance and the effectiveness of consensus control, we compare
the response of the closed-loop system with and without adaptive controller. Fig.
and illustrate the profile of state trajectories of six agents to achieve consensus
without and with adaptive controller respectively. From the simulation results, we
can see that consensus cannot be achieved for MAS without adaptive controller. The
linear consensus protocol is not enough to handle nonlinear dynamics. By adding
adaptive controller, the uncertain nonlinearities can be handled. The profile of w; and
w; are illustrated in Fig. Different to traditional adaptive controller, w; doesn’t
converge to the actual value of w;, but to w; + p;(v;) for deliberately designed p;(v;).
The state of z; can be seen in Fig. Asymptotic consensus is achieved as concluded
in Theorem K41

In the last scenario, the range of unknown constant parameters is increased to be

within the interval [—50, 50]. In this simulation, w; is selected as follows

w=[5 40 5 -5 -10 -50]".
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Figure 4.4: Profile of state trajectories of six agents without adaptive controller

Under the similar controller with the previous scenario, consensus still can be
achieved by maintaining a collective nominal behaviour of the agents. Fig. shows
the profile of position and velocity consensus of six agents. Compared with the case
where there were unknown constant parameters within interval [—5,5], the controller
now requires more time to achieve consensus. The profile of w; and w; can be seen in
Fig Similar to the previous scenario, w; is not driven to w;, but to w; + p;(v;) for
deliberately designed p;(v;). The profile of z; is plotted in Fig.

Based on illustrated simulation results, we can verify that asymptotic consensus
can be achieved using our approach as concluded in Theorem We also can see

the effectiveness of the proposed adaptive controller to handle uncertain nonlinearities.

4.6 Summary

In this chapter, we have presented a distributed adaptive scheme for a MAS that aims
to maintain its nominal collective behaviour subject to uncertain nonlinearities. The

main idea is to drive the estimation error to a deliberately designed manifold in the
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position

velocity

time(s)

Figure 4.5: Profile of state trajectories of six agents with adaptive controller

space of agent states and estimated parameters, which provides significant advantages
in distributed implementation compared with the traditional adaptive law based on
gradient of a Lyapunov function. The effectiveness of the new scheme has been demon-

strated in solving an open asymptotic consensus problem for a second-order MAS in a

leaderless directed network.
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Figure 4.6: Profile of w; and w; of six agents with adaptive controller
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Figure 4.7: Profile of z; of six agents with adaptive controller
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Figure 4.8: Profile of state trajectories of six agents with unknown constant parameters
within interval [—50, 50]
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Distributed Adaptive Consensus
of Multi-Agent Systems with
Nonlinearly Parameterized

Dynamics

5.1 Introduction

Handling nonlinearly parameterized uncertainties is always a difficult issue in adaptive
control even for a single system scenario. There are some existing results as follows.
The research based on convex/concave nonlinear functions is one of the major research
lines for adaptive control of nonlinearly parameterized models, see, e.g. [109} [110}
111, 112]. In [113], the adaptive control for nonlinearly parameterized systems was
proposed by exploiting the monotonicity property of nonlinear functions. In [115],
the so-called immersion and invariance adaptive control was proposed by constructing
a monotone mapping. An adaptive control method for the class of strict-feedback
nonlinearly parameterized systems was studied in [119] by introducing a biasing vector
function into parameter estimation. Another novel adaptive control approach based
on forward/backward adaptation law was established to achieve system stability and
parameter convergence in [116] that does not rely on the explicit expression of system
nonlinearities.

However, none of these results have been successfully applied in a networked setting.
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In this chapter, we extend the consensus framework in Chapter 4] to be more general,
where the dynamics of MASs contain nonlinearly parameterized uncertainties. This
is the first time to pursue a distributed adaptive consensus controller for nonlinearly
parameterized systems. The linear parameterization assumption will be removed by
a novel distributed adaptive update law, which makes the scheme applicable for more
general nonlinear MASs. In this scheme, the adaptive estimation error is driven to a
deliberately designed manifold in the space of agent states and estimated parameters.
The new adaptive scheme will be designed for more general nonlinearly parameterized
uncertainties. With this new scheme, we will be able to solve an open consensus problem
for a leaderless second-order MAS under a directed network.

The remainder of this chapter is organized as follows. We present the problem for-
mulation and some preliminary results in Section In Section [5.3] a new distributed
adaptive scheme is proposed for MASs to maintain their nominal behaviour subject
to more general uncertain nonlinearities. An open problem of adaptive consensus for
second-order MAS is solved in Section [5.4} To illustrate the effectiveness of our design,
a numerical example is given in Section Finally, the chapter is closed with some

concluding remarks in Section

5.2 Problem Formulation and Preliminaries
Recall a MAS of n agents under properly designed controllers (3.1)) represented by

where x; € R! is the state of the i-th agent and = = [z],#3,--- ,27]". The dependence
of the function f; on x (not only x;) means the interconnection among agents. Let
f(z) = [ff(z), f3(x), -+, f1(x)]". Then, the nominal uncertainty-free MAS can
be put in a compact form as & = f(x). Suppose the MAS has achieved a certain
collective behaviour, specifically, with a property in terms of a Lyapunov-like function.
That is, Assumption is satisfied. Two typical selections of R in Assumption [£.2.1
is described in Remark [4.2.1]

The research target is to propose an adaptive law in a superposition form on top of
the existing controller, such that the behaviour of the nominal system is still maintained

when the system is subject to uncertainties. Validity of such a superposition design
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is called the certainty equivalence principle. Specifically, the uncertainties and the

additional adaptive control are taken into the system (b.1)) in the manner described by

T; :fi(l')‘i‘ff(wi,wiaﬂi)a =1 ,n (5'2)

where w; € R% denotes the unknown constant parameters and p; € R* the additional
adaptive control input to handle these uncertainties. It is assumed that p; = w; could

cancel the uncertainties if the parameter w; were known, that is,
£ (@i wi, pa) o= gi(wi, wi) — gi(wi, us)

for some function g;, throughout this chapter. In the practical scenario that w; is
unknown, an adaptive law is required for u; to dynamically cancel the uncertainties
associated with the parameter w;.

There are two major challenges in designing a distributed adaptive law in the present
networked setting. First, an adaptive law usually depends on the gradient of the estab-
lished Lyapunov function for the nominal system, which is V(z) in Assumption m
for the present case. More specifically, the adaptive law depends on 9V (z)/dx; for
each agent 7, which, hence, depends on not only the local state of agent i, but also the
full network state x. This is an obstacle for a distributed adaptive law. This challenge
has been overcome in Chapter [4| for the special case under the linearly parameterized

constraint, i.e.,
gi(wi, wi) = hi(xi)wi, gi(wi, i) = hi(xi)p; (5.3)

for some function h;(x;). The main result is stated in Theorem

The second challenge is to handle more general nonlinearly parameterized uncer-
tainties, which is always a difficult issue in adaptive control even for an individual
(non-networked) scenario. Together with the first challenge, the question is how to re-
move the linearly parameterized constraint in Theorem This is not a trivial
extension. Without the constraint , the function h;(x;) required for the adaptive
controller does not exist. In the next section, we will find a strategy to con-
struct a suitable h;(z;) that plays the same role, but is capable of tackling nonlinearly

parameterized uncertainties.
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5.3 A Distributed Adaptive Scheme

The main result of this section is to give the explicit condition for h;(z;) and hence (4.10))
and (4.11) for nonlinearly parameterized systems such that Theorem still holds
without the constraint (5.3]). It is noted that for a linearly parameterized g;(x;,w;),

the following property holds for any vector z; of the same dimension of w;,
gi(zi, wi) — gi(xi, wi — 2i) = gi(wi, 2i) = hi(:)2i, (5.4)
where
zi = Bix;) — Wi, Wi = W; — w. (5.5)
When g;(z;,w;) is nonlinearly parameterized, we will construct two functions h;(z;)
and 7;(z;) satisfying the following condition
[hi(s)Ti(z0) — gi(ws, wi) + gi(@s, wi — 2)]"
1gi(zi, wi) — gi(@i, wi — ;)] 20, (5.6)

Remark 5.3.1 The condition (5.6) has two-fold meanings. On one hand, g;(z;,w;) —
gi(x;, w; — z;) represents the change direction of the function g;(x;, w;) along parameter

wj. The selection of h;(x;)7;(z;) is along the change direction in the sense of
(i) 73 (2:)]" - [gi (i, wi) — gi(i, wi — 2;)] > 0. (5.7)
On the other hand, h;(x;)7;(z;) determines the boundary of g;(z;, w;) — gi(z;, w; — z;)
in the sense of
[[hi (i) Ti(20)]" - [gi (@i, wi) — gi(wi, wi — 2)]|
> {|gi (i, wi) — giws, wi — z)|°, (5.8)
that requires
[hi(zi)Ti(z)| - [1gi (@i, wi) — gi(@i, wi — 2)|| - (5.9)

It is easy to verify that ([5.6|) is equivalent to (5.7)4(5.8)). For many classes of functions
gi, the two functions h;(x;) and 7;(z;) can be constructed to satisfy (5.7) and (5.8),

without knowing the exact value of w;. An example is given in Section [5.4] 1

The role of condition ([5.6)) will be seen in the main result summarized in the fol-

lowing theorem.
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Theorem 5.3.1 Consider the system under Assumptionl4.2.1. Suppose there exist

two functions hi(x;) and 0;(-) > 0 and a continuously differentiable positive definite

function W;(z;) such that (5.6) holds for

Ti(2i) = 0i(Wilz))( e )"

Let the distributed adaptive controller be
pi = Wi — Bilxi)
W = =\ (i) fi(x)
where B;(x;) is any continuously differentiable function satisfying

0Bi(x;)
8:&

for some \; > 0. Then, the derivative of

= —Aih (i),

o Do Wiz p(s

i=1

with and z = [2], 29, , 20| satisfies

Uz, z) < —ka([lz]|r),

for any 0 < k < 1, along the trajectory of the closed-loop system +(|5.11 ).

(5.10)

(5.11)

(5.12)

(5.13)

(5.14)

Proof: We can rewrite the closed-loop system composed of (5.2) and (.11) as

follows, noting u; = w; — z;,

i = fi(z) + gi(xi, wi) — gi(@i, wi — 2).

(5.15)

By direct calculation, we have the time-derivative of the function V(x), along the

trajectory of (|5.15)), as follows

oV (x) "oV (z)

V(z) = o f@)+> oz, (gi(@i, wi) — gi(@i, w;

i=1

< —alzln) + 3 2
i=1

For any 0 < k < 1, pick a = (1 — k)/o. Then,

)

2
< (1 =ka(l|zr)-

aV (x)
“ H oz
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Furthermore,
" ||ovia) |
V(z) < —a(lz|r)+) a D
i=1 Li
1 n
1 1_21 i (i, wi) — gilws, wi — 2)||°
v (z) |I?
< —a(lel) +a| 22
1 n
0 ; i (s, wi) — gi(ws, w; — 2)||°
< —ka(|z|r) + ! Zn:H (i, w;) — gi@i, wi — 2)||°
>~ R 4a . gi\Ti, W; Gi\ T, W; 7 .

Next, noting that

by = 28 gy (5.17)

(2 (2
a{Ei

the dynamics of z; can be written as

L _0Biw) .
L 81‘2 ’ v
:85525@-) (fi(z) + gi(wi, wi) — gi(wi, w; — 2;)) — 8%52) . (2)
OBi(wi
:ﬁag) (gi(zi, wi) — gi(xs, wi — 2;)) - (5.18)

Therefore, we can verify that the time-derivative of W;(z;), along the trajectory of the

aforementioned z;-dynamics, satisfies

Wz(zz) 0% ox;

(gi(ziswi) — gi(wi, w; — 23)) - (5.19)

From above, the time-derivative of U(z, z), along the trajectory of the closed-loop
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system, is
. 1 <&
Uz, 2) < = ka([|z][r) + Ta > giwi, wi) = gilwi, wi — )|
i=1
+ da ; 0i(Wilz4)) 0z; ox;
(i (@i, wi) = giTi, wi — 2)) [N
1 n
< —ka(lzllr) + - > lgi(ws, wi) = giwi, wi — )|
i=1
1 n
. > 7 (zi)h] () (giwis wi) — gi(as, wi — )
i=1
< — ka(||lzl|r) (5.20)
due to (5.6). The proof is thus completed. [

Remark 5.3.2 With the constraint , the condition automatically holds for
0i(-) =1, Wi(z) = 2[2/2, and 7;(2;) = z;. Then, the function U(z, z) in (5.13) reduces
to that in , and hence Theorem to Theorem In other words, there
is no additional conservativeness applied on Theorem compared with its special
version Theorem [£.3.1] 1

Remark 5.3.3 When the function g;(x;,w;) is a general nonlinear function, it is not
difficult to find two functions h;(z;) and 7(2;) to satisfy (5.6). However, it should be
noted that the existence of f;(x;) satisfying is not always guaranteed for every
hi(x;). In other words, it is challenging to find a suitable h;(x;) for both and
simultaneously. The solution will be found on a case-by-case basis. 1

Remark 5.3.4 The adaptive controller in Theoremis applied to every agent
1. This distributed control protocol only relies on the local agent state z; and its
nominal dynamics f;(x). The MAS with the nominal dynamics f;(x) is implemented
in distributed fashion beforehand, when the nonlinear function g;(z;,w;) has not been

taken into consideration. ]
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5.4 Application to A Network of Second-Order Uncertain

Dynamics

In this section, we study adaptive consensus for a second-order MAS using the scheme

in Theorem Consider n > 2 autonomous agents governed by the set of equations

Di = U

v; = qui—i-agvi—kfi(vi,wi)%—ui, 1=1,...,n, (5.21)

where p;, v; € R are the states, the constants a1, as € R are the known parameters and
u; € R is the control input of agent i and & (v;, w;) is a bounded nonlinear function

with unknown constant parameter w;. For convenience of presentation, we define

o8 4] e
a1 Q9 (%

and

p1 U1 T Ul
p= : LU= : , T = : ,U = : . (5.22)
Dn Up, T Up,

In this section, the network topology is represented by a graph G = {V,£}. A finite
non-empty set of nodes is denoted by V = {1,2,--- ,n} and the set of directed edges is
presented by € C Vx V. Let A = [a;;] denote the adjacency matrix where a;; > 0 if the
edge (j,i) € €,1 # j, aj; = 0if i = j. So, there exists no self-loop. Define the Laplacian
matrix as L = [L;;] that has elements of L;j = —a;j, j # i and Ly = Z;L:l’j;ﬂ a;j. Let
L; be the i-th row of L, then the distributed information from the network to the agent

7 can be written as
n
Lip = — Z aij(pj — pi)
j=1

n
Liv = — Z aij(vj — Ui).
j=1

In this section, we investigate a general directed leaderless MAS with the following

assumption.
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Assumption 5.4.1 The network topology contains at least a directed spanning tree.
[ |

Under Assumption the Laplacian matrix L has one zero eigenvalue and all
the remaining eigenvalues are with positive real parts. Let r € R™ and 1 be the left
and right eigenvectors corresponding to the eigenvalue 0. We have r'L = 0, L1 = 0,
and 771 = 1. There exist matrices W € R(=Dxn_ 7 ¢ Rn*("=1) gych that

T_[;;],T_l_[l U . (5.23)

Then, the Laplacian matrix L can be transformed into

4 oo
TLT _[0 J], (5.24)

where J = WLU e R®1Dx("=1) ig the matrix with positive eigenvalues of L on the
diagonal. Let us define the matrix R as follows

[ %j’ ] = Rz (5.25)

where R has a full row rank and the rows of R are perpendicular to span {1 ® I}.
There are two technical lemmas regarding the property of the nominal system
with & (v;, w;) = 0.

In this chapter, we will use two technical Lemmas, i.e. Lemma |4.4.1] and {4.4.2]

presented in Chapter 4} According to Lemma by selecting sufficiently large ~;

and v = ¢y; > 1 with ¢ > 0, then the matrix

a 0 1
all—’le 042[—')/2J

is Hurwitz. From Lemma we can conclude that MAS (5.21) with & (v;, w;) = 0
under Assumption achieves consensus under the following control protocol

u; = —1Lip — 2 Liv, (5.26)

where v, and 79 are properly selected such that the matrix A is Hurwitz.
Now, the main result on a distributed adaptive controller for the MAS (5.21)) is

stated in the following theorem.
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Theorem 5.4.1 Consider the MAS under Assumption|5.4.1. Suppose there exist
two functions h;(v;) and 0;(-) > 0 such that, with 7i(s;) = 0i(s?/2)si,

(i (vi)Ti(si) — &i(vi,wi) + & (viyw; — ;)]"
& (vi, wi) — &i(vi,wi — ;)] > 0. (5.27)
Let the controller be
wj = —y1Lip — y2Liv — & (vi, 114) (5.28)
and
pi = w; — pi(vi)
w; = —\ihy (vi)[a1p; + aovi — Y1 Lip — 2 Liv), (5.29)

where v1 and o are selected according to Lemmam and pi(v;) is a continuously
differentiable function satisfying
9pi(vi)
8’[)1'
for some \; > 0. Then, the closed-loop system (5.21)+(5.28)+(5.29) achieves consen-

sus in the sense of

= — Nl (v;) (5.30)

Jim p;(t) = po(t) =0

tlgglo vi(t) — vo(t) =0 (5.31)
for some functions p,(t),ve(t) : [0,00) — R. 1

Proof: First of all, the system composed of (5.21) and (5.28) can be written as

follows,

Di =V;

0; = p; + vy — Y1Lip — yo Liv + & (vi, wi) — (v, ), i =1,--- .
It can also be put in the following compact form,
& = fi(2) + gi(@i, wi) — gi(s, i) (5.32)
where the nominal dynamics &; = f;(z) is given by

pi = Y

v; = a1p; +agv; —nLlip —y2Liv, t=1,---,n (5.33)
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and

gi(wswi) = [&(vgwi)]

9i(wi, i) = { &(Ui 1) ] . (5.34)

The system (5.32)) takes the form (5.2). Applying Lemma verifies Assump-
tion for @; = fi(x). Furthermore, we can verify that

2
122" jerrrpRy?
o= L |22 s I 4)|PR|)? < . (5.35)
lz[I% [l (I%

By Theorem with ¢; = pi(v;) — w; + w;, h(x;) = hi(vi), Ti(zi) = Ti(s), Bi(zi) =
pi(v;), and

P /2 g,(s)
one has
U(z,s) < —k|z|%. (5.37)

It is noted that U(x(t),s(t)) and hence ||z(t)| g are bounded. Because of

Ri = ARx + R(g(z,w) — g(z,w — <)),

with w = [?UI, to 7w7T1]T7 S = [ngv e 7§7TL]T7 and g(wi) = [gI(mhwl)v T 7ngL($n7wn)]T?

|2(t)||r is bounded and hence —k||z(t)||% is uniformly continuous in ¢. Also, a finite

limit
t t
lim / —kllz(®)% > lim / U(z(t),s(t)) = =U(x(0),5(0))
t—oo Jo t—oo J
exists. By Barbalat’s Lemma, one has lim; o ||z(t)||r = 0, that is,

o [0 ] o

Let po(t) = r'p(t) and v,(t) = r'v(t). From the following relationships
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and
T
v = [1 U] [ n ]
= 1(r'v) + U(Wv)

one has

Jlim p(t) —po(t)1 = U lim Wp(t) =0

tli)r& v(t) —vo(t)1 = Utlggo Wo(t) =0.
This completes the proof. [

Remark 5.4.1 If parameter w; in (5.21) were known, the following controller
u; = =71 Lip — v2 Liv — & (vi, wi) (5.39)

could be designed to achieve consensus by directly cancelling & (v;, w;) in . In
the practical case, with w; unknown, the real controller takes the form , which
is equivalent to (5.39) with w; replaced by its estimation p,;. Also, the estimation
is determined by the adaptive law . The design approach in Theorem m

constitutes the certainty equivalence principle. |

Remark 5.4.2 The distributed adaptive control protocol is composed of two
parts. The first part is the controller proposed to achieve consensus for the ideal
case when the nonlinear function &;(v;, w;) vanishes. The second part is the adaptive
controller . This additional controller is added when nonlinear function with
uncertainty &;(v;, w;) is taken into account. These two parts can be designed separately
as stated in Theorem which constitutes the certainty equivalence principle. |

5.5 Numerical Simulation

We consider the following six-agent systems

Di =V;

0 = —pi + & (v, wi) +ug, i =1,...,6. (5.40)
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The nonlinear functions &;(v;, w;) are given as follows

tanh(w;v?),  i=1,2,3,4

o (5.41)
v; tanh(w;vy), i =D5,6,

&i(vi, w;) = {

and the unknown constant parameters w; are selected within interval [—1,1]. The
communication network for the MAS (5.40) has a fixed topology, as shown in Fig.
In particular, the Laplacian matrix L of the network in Fig. is represented by

1 =1 0 0 0 0
0 1 -1 0 0 0
1 0 1 0 0 0
=19 0o -1 1 0 o0 (542)
0 0 0 -1 2 -1
-1 0 -1 0 0 2 |

Figure 5.1: The network topology of the MAS

In this section, we demonstrate the performance of the proposed controller with
several scenarios. In this simulation, we select the initial conditions
p0)=[1 2 1.5 0 -2 -15]"
v0)=[2 1 -2 15 -2 -1]",

and the unknown constant parameters
w=[1 08 06 -1 -02 —03]".

First, the simulation is performed for MAS without control input i.e. u; = 0.
Under this condition, the relative position and velocity as well as the agent states are
unavailable for feedback control for any agent. Consensus is not achieved under this sit-
uation as plotted in Fig. We can see that each agent moves from its initial position

and velocity according to its own nominal dynamics and nonlinear uncertainties.
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position

velocity

Figure 5.2: Profile of state trajectories of six agents without controller

In the second scenario, the uncertain nonlinearities in MAS are considered
vanishing i.e. & (w;,v;) = 0. By Lemma we can select y1 = 5 and 72 = 5,
therefore A is Hurwitz. According to Lemma consensus with a collective nominal
dynamics is guaranteed to be achieved under controller (5.26)). This represents
MAS under ideal condition # = f(z). It is observed in Fig. that the states of
the six agents achieve consensus on a sinusoidal trajectory determined by the nominal

dynamics

pi = U

’[)Z‘ = —Di. (543)

In the second scenario, we consider that the uncertain nonlinearities & (w;, v;) exist
in the closed-loop systems. An additional controller is needed to be added in the

control structure to maintain nonlinearities. We propose the distributed consensus

control (5.28) to handle this situation.
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position

velocity

-2 1 1 1 1 1 1 1 1
0 5 10 15 20 25 30 35 40 45 50
time (s)

Figure 5.3: Profile of state trajectories of six agents under ideal situation

Pick the function h;(v;) as follows,

V241, i=1.234
Bi(v) =20 T i 5.44
(vi) {vf’—i—fui, i=5,6 (5:44)

First, we consider the agents i = 1,2,3,4. For ¢; > 0, one has
hi(vi)s; > givi? > tanh(wivg) — tanh((w; — gi)vzz) >0 (5.45)
and hence
[hi(vi)s; — tanh(w;v?) 4 tanh((w; — gz)vf)]
. [tanh(wivg) — tanh((w; — gz)vzz)] >0, (5.46)

which verifies with g;(-) = 1. For ¢; < 0, a similar argument follows. Next, we
consider the agents ¢ = 5,6. For v;g; > 0, one has
hi(vi)si > gwf’ > v tanh(ww?) — v; tanh((w; — ci)v?) >0
and hence
(73 (vi)si — i tanh(w;v?) + v; tanh((w; — gz)v,?)]

[vs tanh (w;v?) — v; tanh((w; — gz)vf)] >0, (5.47)
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which verifies (5.27) with g;(-) = 1. For v;g; < 0, a similar argument follows.
Now, we pick the function p;(v;), satisfying (5.30) with \; = 1, as follows

1,3 ;
—3v; — v, 1=1,2,3,4
(V) = . 5.48
pi(vi) {_}1 112 5 (5.48)

As aresult, the controller + can be explicitly constructed and Theoremm
guarantees the achievement of consensus.

We compare the response of the closed-loop system with and without the adaptive
controller to see the effectiveness of the proposed consensus control. The closed-loop
system without adaptive controller is illustrated in Fig. We can see that the states
of six agents cannot achieve consensus with linear consensus control . Fig.
illustrates the profile of position and velocity of six agents to achieve consensus with
adaptive controller. By adding adaptive law, the uncertain nonlinearities can be han-
dled. The profile of w; and w; are plotted in Fig. Different to traditional adaptive
controller, the state of w; converges, not to the real value of w; as in traditional adap-
tive control, but to w; + p;(v;) for a deliberately designed p;(v;). For i = 1,2,3,4, p;(v;)
contains v; and vf’, so w; demonstrates the fundamental frequency 1 rad/s of v; at the
steady state. For i = 5,6, p;(v;) contains U? and fugl, so w; demonstrates the fundamen-
tal frequency 2 rad/s of vZ. The profile of z; can be seen in Fig. This simulation
results show that asymptotic consensus is achieved as concluded in Theorem [5.4.1

In the last scenario, the range of unknown constant parameters is increased to be

within interval [—50, 50]. In this simulation, w; is selected as follows
w=[10 8 6 —-10 -2 -3]".

Under a similar controller as the previous scenario, consensus still can be achieved
by maintaining a collective nominal behaviour. Fig. [5.8] shows the profile of position
and velocity consensus of six agents. Compared with the case where unknown constant
parameters are within the interval [—1, 1], the controller now requires more time to
achieve consensus. The profile of w; and w; can be seen in Fig Similar to the
previous scenario, w; is not driven to w;, but to w; + p;(v;) for deliberately designed
pi(v;). The profile of z; is plotted in Fig. |5.10

Based on simulation results, we can verify that asymptotic consensus can be achieved
using our approach as concluded in Theorem We also can see the effectiveness

of the proposed adaptive controller to handle uncertain nonlinearities.
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position

velocity

-2 1 1 1 1 1 1 1 1 1 -
0 5 10 15 20 25 30 35 40 45 50
time(s)

Figure 5.4: Profile of state trajectories of six agents without adaptive controller

5.6 Summary

In this chapter, we have presented a distributed adaptive consensus protocol for a MAS
with uncertain nonlinearities to maintain the system’s nominal collective behaviour. In
this scheme, the adaptive estimation error is driven to a deliberately designed manifold
in the space of agent states and estimated parameters. The new adaptive scheme is
effective for general nonlinearly parameterized systems. To demonstrate the effective-
ness, we have solved an open consensus problem for a leaderless second-order MAS
with a directed network. It will be interesting to apply the proposed adaptive scheme

for more collective control scenarios in future research.
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position

velocity

time(s)

Figure 5.5: Profile of state trajectories of six agents with adaptive controller

20 —
wy
10 02|
ws
€ 0 =
ws
-10 g |
-20 8
0 5 10 15 20 25 30 35 40 45 50
time(s)
300 e
200 | W2
N ws
<5 100 g | ]
0 s ||
ﬁ)s
-100 8
0 5 10 15 20 25 30 35 40 45 50
time(s)

Figure 5.6: Profile of w; and w; of six agents with adaptive controller
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Figure 5.7: Profile of z; of six agents with adaptive controller
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Figure 5.8: Profile of state trajectories of six agents with unknown constant parameters

within interval [—10, 10]
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Figure 5.9: Profile of w; and w; of six agents with unknown constant parameters within

interval [—10, 10]
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Figure 5.10: Profile of z; of six agents with unknown constant parameters within interval

[—10, 10]
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Conclusion

6.1 Summary

In this thesis, our focus is to establish a distributed adaptive consensus framework for
MASSs subject to uncertainties. The framework can be applied for general MASs, not
limited to first and second-order systems. The main results of the thesis are presented
in Chapter and |5l Some theorems and lemmas with rigorous proofs have also been
presented. To illustrate the performance of the proposed controllers, we have provided
some numerical examples and simulations.

Consensus controllers are developed for both MASs with linear and nonlinear dy-
namics. The proposed consensus controller contains two main components. The first
is a linear control protocol designed to achieve consensus with a collective nominal
behaviour when the MAS is free of uncertainties. The second component is an addi-
tional adaptive compensator added in the control structure when uncertain dynamics
are taken into account. The critical advantage of the proposed controller is that both
components can be designed separately. The main objective is to drive all agents to
achieve consensus such that the behaviour of the nominal system is still maintained.

Firstly, the introduction and research motivation to study MASs have been pre-
sented in Chapter[l] Following that, still in the same chapter, we introduce the research
motivation to adaptive control. An overview of the consensus strategies for MASs with
various settings such as MASs with linear dynamics, nonlinear dynamics, communica-
tion constraints and so on has been presented in the literature review section. From

there, we formulate relevant research problems for consensus of MASs. Some prelim-
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inary knowledge and useful information about algebraic graph theory and adaptive
control have been presented in Chapter

The main results of the thesis begin in Chapter 3l A centralized adaptive scheme
for a MAS that aims to maintain its nominal collective behaviour subject to uncertain
nonlinearities is established in this chapter. Traditional adaptive control constituted
by the certainty equivalence principle is proposed to handle uncertain dynamics. In
adaptive control, the Lyapunov function is usually centrally constructed. Consequently,
the global information about the network is required in designing adaptive law.

The adaptive scheme in Chapter [3| has some inherent drawbacks in designing dis-
tributed adaptive consensus control. The full network states as well as the local states
are required to generate the adaptive law. The proposed approach can be implemented
in a distribution fashion only for limited cases. In Chapter [4] a distributed adaptive
framework is proposed for MASs subject to uncertainties. Asymptotic consensus is
achieved. In this method, the estimation parameters are not driven to the actual value
of unknown constant parameters, but to a deliberately designed manifold in the space
of agent states and estimated parameters. An application is provided for second-order
MASs with a fixed directed topology.

The proposed controller in Chapter |4|is under an essential assumption, where the
uncertain nonlinear dynamics is in the class of linearly parameterized models. In Chap-
ter [bl a general distributed adaptive framework for MASs subject to nonlinearly pa-
rameterized models is developed. We have proposed a novel distributed adaptive law
to remove linearly parameterization assumption. Similar to the adaptive technique in
Chapter {4] the estimation error converges to a deliberately designed manifold in the
space of agent states and estimated parameters. An application to solve the leaderless
consensus problem for second-order MASs with a directed network is also presented as

a case study.

6.2 Outlook

In future work, it will be interesting to apply the proposed adaptive scheme to more
complex control scenarios, especially for MASs with communication constraints such

as time delays and switching topologies.

90



6.2 Outlook

In real applications, time delays may be unavoidable. It will be interesting to
extend our distributed adaptive scheme for MASs with time delays. Existing studies
have produced results for general MASs with linear dynamics. The key issue is to
generalize our adaptive law to handle nonlinearities with time delays. Firstly, this
work can be started for linearly parameterized MASs. Once this consensus problem
can be solved, an extension to the nonlinearly parameterized MAS can be proposed.
Consensus analysis is more difficult in this situation, but the technical approach in this
thesis can be generalized.

The network topology of MASs may not always be under a fixed topology. The
interconnection between each agent may change over time due to hardware limitations
and any possible external factors. Therefore, the existing control protocol under a fixed
topology cannot be applied to handle this situation. In future work, it will be neces-
sary to extend our proposed controller to nonlinear MASs with switching topologies,
especially under jointly connected topologies.

There are two major problems for generalizing our approach with similar settings
but with jointly connected topologies. The first problem is to design linear consensus
control for systems with ideal situation. In our setting, the collective nominal behaviour
of MASs is not always stable or marginally stable forms. Handling this situation is not
trivial. Some results have been obtained in [93] [94] for MASs with jointly connected
topologies, but for first-order systems. The consensus problem is more simple for first-
order MASs because the velocity of unconnected agents are zero; as a result, the error
position of nodes will not increase. However, the problem is more complicated for
second-order systems. The velocity of unconnected agents is not zero, consequently the
consensus error will increase. Some results have been obtained in [126} 127, [128] by
considering velocity measurement in consensus control design. Under this situation, the
switched systems consist of marginally stable subsystems. It means that the difficulty
of designing a control protocol for a switched system with unstable subsystems was
avoided. Another approach to maintain this situation is dynamic controller. This
approach was proposed in |50} [129] without avoiding unstable subsystems in a switched
system. Handling distributed static consensus for non-first-order nonlinear MASs with
jointly connected topologies is challenging. Designing static consensus control contains

self-contribution in the research of MASs.
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The second problem is to generalize our adaptive approach for the switching sys-
tems. The adaptive control design is more complicated as it cannot be separated from
linear control protocols. It will be interesting to extend the technical approach taken

in this thesis to handle this situation.

6.3 Publications

The results of this thesis are based on a published article and a submitted article in

specialized journals, and an accepted conference paper. The details are as below

e Journal Papers
[130] Imil Hamda Imran, Zhiyong Chen, Yamin Yan, and Minyue Fu. Adaptive
consensus of nonlinearly parameterized multi-agent systems. IEEE Control Sys-
tems Letters, 3(3):505-510, 2019. DOI: 10.1109/LCSYS.2019.2911688
[131] Imil Hamda Imran, Zhiyong Chen, Lijun Zhu, and Minyue Fu. A distributed
adaptive scheme for multi-agent systems. Asian Journal of Control (Submitted).

https://arxiv.org/pdf/1904.11137.pdf

e Conference Paper
[132] Imil Hamda Imran, Zhiyong Chen, Yamin Yan, and Minyue Fu. Adaptive
consensus of nonlinearly parameterized multi-agent systems. TEEE Conference

on Decision and Control 2019 (Accepted).
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